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ABSTRACT 


The  present  paper  gives  device  representations,  via  multitape  AFA, 
for  the  families  of  languages  which  result  from  applying  the  A  and  the  sub¬ 
stitution  operations  to  AFL.  In  particular,  if  fi^  and  fig  are  multitape  AFA 
(i.e.,  certain  families  of  multi-storage  tape  acceptors),  then  fi.jA  jQ  is 
defined  as  the  family  of  multitape  acceptors  which  results  when  the  tapes  of 
and  flg  are  coalesced,  with  the  fi^-  tapes  preceding  those  in  fig.  It  is 
shown  that  the  smallest  full  AFL  containing  X(fi^)A  l(fig)  =  (L^D  Lg/L^  *‘/(i®i)} 
is  X(fl^A  fig).  For  each  multitape  AFA  fl,  a  set  fiN  of  "nested"  multitape 
acceptors  is  defined.  It  is  shown  that  if  fi.^  and  fig  are  single-tape  AFA,  then 
the  family  of  languages  obtained  from  (fi^A  fig)  is  the  family  of  languages 
obtained  by  substituting  the  AFL  defined  by  fig  into  the  AFL  defined  by  fi^. 


%% 
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MULTITAPE  AFA* 


INTRODUCTION 

In  [5}  and  [ 18 },  the  notion  of  a  family  of  one-vay  nondeterministic 
devices  was  abstracted  and  studied  extensively.  A  natural  extension  of  a 
device  with  a  particular  type  of  storage  tape  is  a  multitape  (storage)  device, 
each  tape  of  the  same  kind.  For  example,  a  pushdown  acceptor  can  be  extended 
to  a  device  with  two  pushdown  tapes.  In  most  familiar  cases— counter,  pushdown, 
stack— adding  a  second  storage  tape  increases  the  power  of  the  device  to  that  of 
a  Turing  acceptor.  By  suitable  restrictions  on  multitape  devices,  families  can 
be  obtained  so  that  the  associated  languages,  as,  for  example,  the  one-way 
nondeterministic  list-storage  languages  [8],  do  not  include  all  recursively 
enumerable  sets.  The  purpose  of  this  paper  is  to  abstract  the  notion  of  an 
'abstract  family  of  multitape  acceptors”  (abbreviated  "multitape  AFA"),  each 
storage  tape  not  necessarily  of  the  same  kind,  and  examine  the  family  of 
associated  languages. 

Our  interest  in  multitape  AFA  originally  arose  from  studying  various 
operations  upon  families  of  languages.  We  were  interested  in  the  operations  of 
A  and  substitution  among  families  of  languages,  these  operations  appearing, 
sometimes  in  disguised  form,  in  a  number  of  papers  [7,  8,  11,  12,  13#  15#  16# 

20,  21].  (if  X^  and  X^  51X6  families  of  languages,  then  X^A  X^  = 

_ 
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2  January  1969 


k 


TM-73 8/050/00 


(ii^  0  Lg/each  In  X^).)  Now  certain  farilles  of  languages  are 
representable  by  single-tape  AFA  (see  [5]).  For  these  families,  ve  were 
interested  in  device  representations  for  the  families  obtained  by  the  A  and 
substitution  operations.  The  main  results  of  this  document  show  that  multitape 
AFA  provide  such  representations. 

The  paper  itself  is  divided  into  four  sections  and  an  appendix.  Section  1 
introduces  the  notion  of  a  multitape  AFA.  It  is  shown  (Lemma  l.l)  that  for 
each  multitape  AFA  there  exists  a  single-tape  AFA,  equivalent  fran  the  point 
of  view  of  sets  accepted. 

Section  2  introduces  the  operation  of  A  between  multitape  AFA  and 
discusses  the  operation  of  A  between  AFL.  (AFL  [5  ]  are  families  of  sets  of 
words  with  certain  properties  and  are  an  abstraction  of  many  of  the  formal 
languages  discussed  in  computer  science.)  Roughly  speaking,  if  fi.^  and  fig  are 
multitape  AFA,  then  fi^  fig  is  the  multitape  AFA  resulting  when  the  tapes  of 
fi1  and  fig  are  coalesced,  with  the  fi^-tapes  preceding  those  in  fig.  The 
operation  A  between  multitape  AFA  is  then  used  to  provide  a  multitape  AFA 
characterization  of  the  smallest  AFL  containing  X^A  ...  A  Xfl,  each  X^  an  AFL, 
in  terms  of  an  AFA  defining  the  X^  (Theorem  2.1).  A  characterization  of  an 
AFL  being  closed  under  intersection  is  given  in  terms  of  the  existence  of  a 
certain  kind  of  multitape  AFA  (Theorem  2.3)* 

Section  3  is  concerned  with  multitape  transducers,  i.e.,  devices  obtained 
by  adding  an  output  tape  to  a  multitape  acceptor.  Connections  between  multi¬ 
tape  transducers,  composition  of  single-tape  transducers,  and  A  are  then 


found. 
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Section  4  deals  with  "nested"  multitape  AFA.  These  are  collections  of 
multitape  acceptors,  each  acceptor  changing  at  most  one  storage  tape  at  a 
tine,  and  all  tapes  to  the  right  of  the  changed  one  empty.  The  main  result 
(Theorem  4.2)  here  is  that  if  ^  and  A  are  single-tape  AFA  then  the  AFL 
given  by  the  nested  acceptors  of  A  is  the  family  obtained  by  substituting 
the  AFL  defined  by  jO ^  into  the  AFL  defined  by  In  demonstrating  this 

result,  a  technical  lemma  (Lemma  4.3)  is  used  whose  proof  is  so  extensive  that 
it  is  relegated  to  an  appendix. 

Numerous  applications  of  the  theory  are  given  throughout  to  AFL  and  AFA 
of  interest  in  computer  science.  For  example,  it  is  shown  in  Section  2  that 
a  language  (L)  can  be  recognized  in  quasi-realtime  by  a  multitape  Turing  acceptor 
if  and  only  if  L  can  be  recognized  in  qua  si -realtime  by  a  multi-pushdown  tape 
acceptor  if  and  only  if  L  ia  the  e-free  homomorphic  image  of  the  finite  inter¬ 
section  of  context-free  languages.  The  applications  given  show  that  multitape 
AFA  provide  greater  insight  into  families  of  languages  of  concern  to  automata 
and  formal  language  theorists. 

\ 

Section  1.  Preliminaries 

As  mentioned  in  the  introduction,  our  aim  in  this  paper  is  to  study 
multitape  (storage)  devices,  each  tape  not  necessarily  of  the  same  kind.  In 
addition,  we  shall  examine  the  families  of  languages  associated  with  these 
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devices.  In  this  section  we  formalize  the  kind  of  multitape  device  with  which 
we  are  concerned,  and  present  some  examples. 

In  [5]  we  formulated  the  notion  of  an  AFA  (abstract  family  of  acceptors) 
and  established  a  basic  connection  between  it  and  certain  families  of  languages. 
We  shall  define  the  multitape  acceptors  of  interest  to  us  by  modifying  the 
notion  of  an  AFA.  In  particular,  we  introduce  the  notion  of  an  "AFA-schema, " 
a  construct  which  represents  a  type  of  auxiliary  storage  tape.  We  then  define 
a  multitape  AFA  as  a  family  of  devices,  each  of  which  has  only  a  finite  number 
of  preassigned  AFA-schema. 

Definition.  An  AFA-schema  is  a  4  tuple  (r,I,f,g),  with  the  following 
properties: 

(a)  T  and  I  are  abstract  sets,  with  T  and  I  nonempty. 

(b)  f  is  a  function  from^1^  T*  *  I  into  r*U(0). 

* 

(c)  g  is  a  function  from  T  into  the  finite  subsets  of  T  such  that 

g(e)  =  (e),  and  c  is  in  g(y)  if  and  only  if  y  =  e. 

*  (2) 

(d)  For  each  y  in  g(T  )K  ' ,  there  is  an  element  1^  in  I  satisfying 
f(y7,  1^)  =  y'  for  all  y*  such  that  g(y')  contains  y. 

(e)  For  each  u  in  I,  there  exists  a  finite  set  T  with  the  following 

property:  If  1'^  T,  y  is  in  and  f(y,u)  ^0,  then  f(y,u)  is  in  (T^J  r^)*; 

that  is,  for  each  y  in  T*,  each  symbol  occurring  in  f(y,u)  either  occurs  in  y 

or  is  in  T  . 

u 

1 )  -  ^ 

'  'For  each  abstract  set  E,  E  is  the  set  of  all  finite  strings  of  symbols  frgm 
E,  including  the  empty  string  e.  Each  element  of  E*  is  called  a  word  in  E. 

^^For  each  set  A,  g(A)  =  U  g(y). 

y  in  A 
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Intuitively,  an  AFA- schema  is  a  type  of  auxiliary  storage.  T  is  the  set 
of  "auxiliary"  symbols  (i.e.,  the  set  of  symbols  going  into  the  auxiliary 
storage).  I  is  the  set  of  "instructions,"  g  is  the  "storage"  information 
function  -which  interprets  the  auxiliary  storage  configuration,  and  f  is  the 
"storage  transformation"  f\mction  which  produces  a  new  auxiliary  storage 
configuration.  The  reader  is  referred  to  [5]  for  further  details. 

Definition.  A  multitape  AFA  is  an  ordered  pair  (Q,fi),  or  6  when  Q  is  under¬ 
stood,  with  the  following  properties: 

(1)  0  is  a  5-tuple  (K,  E,(l,-<,u),  where 

(a)  Ct  is  a  nonempty  index  set  and  <  is  a  simple  order  on  CLKJ/ . 

(b)  u  is  a  function  on  CL  such  that  for  each  a  in  CL,  y,(a)  = 

xa=  (ra,:ca,fa,8u)  is  an  AFA“sche7*ia^^ 

(c)  K  and  £  are  infinite  abstract  sets. 

(2)  is  the  family  of  all  6-tuples  D  =  (K^,E^,6,qo,F,u),  called  multi¬ 
tape  acceptors,  where 

(a)  u  =  (<Xp  ...,  a^),  k  finite,  in  Q  for  each  i,  and  a^<  aj_+]_  ^or 

1  s  i  <  k. 


(b)  and  £^  are  finite  subsets  of  K  and  E,  resp.,  F  is  a  subset  of 
K^,  and  is  in  K^. 

I3l 


(4) 


'That  is,  <  is  transitive,  antireflexive,  and  dichotomous. 

Thus  the  component  y,  could  be  replaced  in  Cl  by  the  more  cumbersome 
symbolism  CXq,)  a  ^  q- 
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. . .  X  T  )  into  the 

Sc 


finite  subsets  of  K.  x  (i  x  ...  x 

1  “1 

°D  •••>  Yk))$  for  sorts  q  and  a) 

is  finite. 

As  in  an  AFA,  K  is  the  set  of  all  possible  "states"  and  £  is  the  set  of 
all  possible  inputs.  3  is  an  index  set  and  p,  assigns  a  type  of  auxiliary 
storage  to  each  a  in  Q.  Each  multitape  acceptor  has  a  finite  number  of  tapes, 
with  p,  and  v  indicating  their  types.  The  order  In  which  a  device  displays  its 
tapes  does  not  really  affect  it3  action.  The  role  of  <  is  Just  to  impose  some 
order. 

In  general,  for  each  a  in  d  and  each  y  in  g^(fa),  there  may  be  more  than 

one  element  u  (possibly  an  infinite  number)  in  I  satisfying  f  (y7,u  )  =  y7 

Y  OC  ex  c Xf  y 

for  all  y7  such  that  ^(y ')  contains  y.  Now  we  shall  frequently  be  defining  ac¬ 
ceptors  with  special  properties.  Since  acceptors  are  finitely  described,  we  shall 
need  a  specific  such  u^  ^  for  each  a  and  each  y.  Hence  we  have  the  following. 
Notation.  For  each  a  in  G  and  each  y  in  g^r^),  l(a,y)  denotes  a  specific 
element  in  I  satisfying  f  (y7,  l(d£,y))  =  y7  for  all  y7  such  that  g  (y7)  con- 

v*  U  U 

tains  y.  In  case  y  =  c,  l(a,  e)  is  abbreviated  1Q, 

The  movement  of  a  multitape  acceptor  is  now  described,  in  analogy  with 
that  of  an  acceptor  in  an  AFA. 

Definition.  Let  D  =  (Kp£^,5,  qQ,F,u),  u  =  (<X^,  ...,  Q^),  be  a  multitape 
acceptor.  A  configuration  C  is  a  (k+2)-tuple  C  =  (q,w,(y1,  ...,  y^)),  vha*e 

ft 

q  is  in  K^,  w  is  in  £^,  and  each  y^  is  in  . 


I  )  such  that 

K 


(c)  6  is  a  function  from  x  (ZLjUCc))  x  (f 


*1 
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Notation.  Let  H  be  the  relation  on  configurations  defined  as  follows: 

For  a  in  £jU(e)  and  v  in  Z*,  (q,aw,(v1,  ...,  Vk) )| —  (o./>  •••>  Yk)) 

there  exist  y^  . ..,  Yk>  each  Y.J.  in  (ya)>  such  that  (q7,^,  . ..,  u^))  is 

i  j 

in  6(q,a,  (y^  •••>  Yk))  aad-  fa  (y^^)11  for  each  i.  For  each  i^O  let  f-=- 

be  the  relation  on  configurations  defined  by  induction  as  follows:  C  1-2- C  for 

each  C  and  C  1-2—' ^  C7  if  there  exists  C "  such  that  C  C"  and  c"  j —  c'.  Let 

f— —  be  the  transitive,  reflexive  extension  of  | — ,  i.e.,  C  (-^-C7  if  C  |-£-C7 

for  some  naO. 

1  i  1* 

As  usual,  the  above  relations  are  written  l-g- ,  and  if  D  is  to  be 

emphasized. 

For  each  multitape  AFA  £  and  each  u  =  (a^,  0^),  tel,  we  shall  be 

interested  in  those  multitape  acceptors  with  auxiliary  storage  tapes  u. 

Hence  we  have 

Notation.  For  each  multitape  AFA  £  and  each  v,  let  be  the  family  of  all 
D  =  (  K^,  Z1, 6 ,  q^,  F,  u )  in  £ . 

We  now  introduce  the  families  of  sets  of  words  defined  by  the  previous 
fanilies  of  acceptors. 

Notation.  For  each  D  =  (K^, Z1,5,qQ,F,u)  in  fl,  let 

L(D)  =  (w/(qo,w,(e,  ...,  e))  ^  (q,e,(e,  ...,  e))  for  some  q  in  F}. 

Let  I(fl)  =  {L(D)/D  in  £}  and  for  each  u,  £(£y)  =  (L(D)/D  in  £y). 

As  in  the  acceptors  discussed  in  [5],  so  we  frequently  shall  be  interested 
in  those  multitape  acceptors  with  a  bounded  number  of  consecutive  e -moves. 
Definition.  D  in  £  is  quasi -realtime  if  there  exists  an  integer  miO  such  that 
for  all  configurations  C  =  (qje,(Y^»  . ..,  Yk))  and  C7  =  (q7,e,  (y£>  •••>  Yk))> 
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C  (— -  C '  implies  n£m.  Let 

X^(fl  )  =  (L(D)/D  in  fl  is  qua si -realtime) 


u 


and  I  (A)  =  (l(D)/d  in  fl  is  quasi-realtime). 

If  •••>  U2  =^i>  •••*  ^  =  •••>  ®  ~ 

{3^  . ..,  3^)  and  A^B,  then  fly  can  be  "embedded"  in  fly  in  the  following 

sense:  Each  element  D  of  fl^  may  be  identified  with  the  multitape  acceptor 

D^in  fl  )which  consists  of  (i)  the  tapes  of  D,  and  (ii)  the  tapes  in  B-A, 

v2 

with  e  on  them,  acting  under  the  identity  instruction.  (D*  behaves  "essenti¬ 
ally"  the  same  as  D,  is  quasi-realtime  if  and  only  if  D  1b,  and  is  such  that 


L(D')  =  L(D).)  Thus  X(fi  )  C  z(i>  )  and  £*(*  )  =  X^fl  ). 

V1  3  2  1  2 

Ihe  most  important  multitape  AFA  are  those  having  just  one  tape. 
Definition  If  Cl  =  (a),  then  (n,fl)  is  said  to  be  a  single -tape  AFA. 

We  may  identify  each  single-tape  AFA  with  an  AFA  as  defined  in  [5].  In 
particular,  if  (f),fl)  is  a  single-tape  AFA,  then  we  may  regard  fl  as 
(K,E,ra,  I^f^,  g^)  and  fl  as  the  set  of  all  D  of  the  form  (K.^,  2^,  5,  pQ,F) . 

If  (Q,A)  is  a  finite-tape  AFA,  i.e.,  (3  =  (a^,  . ..,  a^}  for  some  finite 
k,  with  a 1  for  each  i,  then  as  noted  above,  fl  may  be  identified  wi  th 

V  u  =  (ai’  •••»  «k)- 


We  first  show  that  multitape  AFA  are  equivalent  (from  the  point  of  view 
of  sets  accepted)  to  single-tape  AFA.  Thus,  as  families  of  recognition 
devices,  multitape  AFA  are  no  more  powerful  than  single-tape  AFA.  However,  as 
we  shall  see,  multitape  acceptors  are  useful  in  representing,  in  a  "natural" 
way,  the  languages  obtained  from  families  of  languages  by  certain  operations. 
Lemma  1.1.  if  (fl,fl)  is  a  multitape  AFA,  then  there  exists  a  single-tape  AFA 
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(l,l  such  that  X(jO)=  X(fl)  and  1^(5)-  Ik(fl). 


Proof.  Let  0  =  (K,Z,3,<,n)  and  let  5  be  a  new  symbol  not  in  U  T„.  For  each 

a  in  0.  a 

u  -  (0^,  . ..,  a^)  and  each  (u^,  . ..,  u^)  in  X  ...  X  I,  let  o(u)  and  ) 

1  iC 

c(y, (u.,  . ..,  u.  ))  be  new  symbols.  Letr=  U  F  U(S)u(cr(u)/all  u)  and 
*  a  in  a 


For 


I  =  {t(u,(u1,  ...,  v^JJ/all  a(u, (u^  ...,  uk)))U{(r(u)/all  u)u(e) . 

(y^j  •••/  Yk)  ln  x  •••  x  1  and  u  -  •••>  0^)*  let 


s( 


a 


(u)aY^S  ...  Yks)  “  o(u)set^(Y1)S  ...  Gq^(y1c)S . 


...  x  I. 


Let  g(e)  =  (e } .  For  u  =  (ol,  . ..,  0^),  (u^  ...,  u^)  in  I  X  ...  *  , 

1  K 

*  _* 


u 


V 


a  ■"  :a.>  and  xi  =  fa  ^xi»ui^  let  f(c>CT(u)) 

1  k  i 


in  r.  x  ...  xf 


7,(5) 


=  a(u)ikl1,  f(r('j)§k+1,e)  =  e,  f(e,e)  =  e,  and 

f(a(uHx^  ...  x^,  0(^(1^,  ...,  uR)))  =  Mlxf  ...  x^! 

Me  first  show  that  for  7  =  (K,E,r,  I,  f,  g),  ('2,5")  is  a  single-tape  AFA.  Ihen  we 
consider  X(A)  and  Z^(ti). 

Intuitively,  Q  is  the  single-tape  AFA  obtained  by  taking  the  tapes  of 
each  finite  set  of  tapes  and  placing  them  on  one  tape,  in  the  obvious  order, 
with  appropriate  separators.  Formally,  we  first  note  the  following  (for 
u  -  (0£^,  • .  • ,  ) ) : 

(1)  f(^(y)^x1  ...  SXj^S,  ,  l(ak,vk))))=  rKu)^  ...Sx^ 

for  all  ...  §x^§  such  that  g(a(u)&x1  ...  )  contains  a (u^y.^  ..  .Sy^s  . 

(2)  For  all  x,  f(x,c(u))  is  in  {s(u),S)*  and  f(x,e)  is  in  U,0). 

For 


cadi  (\ju  f  •  *  •  f  ^i_ )  -» ^  I-y  •  •  •  ^  I-y  3.nd.  i  1  • » in  ( £ )  of  tlis 

1  A  Un 

=  ur  u(c(u),5). 
k  ui 


*1  «k 

definition  of  a:i  AFA-schema,  F 


a(  u,^, 


--  u-' 


(5) 


Functional  values  are  always  to  be  0  unless  otherwise  stated. 


2  Jn.rruc.ry  19  6? 


12 


TM-738/050/00 


Hence  (r,i,f,g)  is  an  AFA-scheraa. 

Suppose  that  D  =  (Kp 21^,6, is  an  arbitrary  multitape  acceptor 
in  jQ.  Let  and  rQ  be  new  symbols  in  K  and  D  =  (K^Ll{q^,ro),  2^,*,qQ,  {rQ)), 
where  6  is  defined  as  follows: 

(3)  (q/,'r(u,(u1,  u^))  is  in  S*( 0^0(0)^  •••  §YkO  If 

(q',(u1#  v^))  is  in  S  (q,a, (y^  ...,  yk)). 

(4)  (rQ,c)  is  i*1  S (p» e,a(u)5k  ’L)  if  p  is  in  F. 

(5)  ^(q^e^e)  =  ((q^ofu))). 


Clearly  L(D)  =  L(D)  and  D  is  quasi -realtime  if  D  is  qua  si -realtime.  Thus 
1(0)  c  X(f)  and  !*(*)  c 

Clearly  L(D)  =  L(D)  and  D  is  quasi-realtime.  Urns  I(fl)  c  X(fl)and  Xt(/3)  c  Xt(fl). 

Now  let  D  =  (K^,Z^,6,  q^,F)  be  in  3".  Note  that  many  different  rj(u)  might 
appear  in  D.  Let 

S  =  (u/(q/,rr('j))  in  6(q,a,e)  for  some  q  and  a}. 

We  may  assume  that  if  (q7, 0(^)1  u^  ...  u^l )  is  in  5  (q,a,a(u2)§V1  ...  §YkS  )f 

then  u1=  u2=  (ci^,  . ..,  a^),  where  ui  is  in  IQ  and  ya  is  in  ^  (T^  ),  1  s  i  s  k, 

and  is  in  S.  (For  no  other  type  of  rule  can  be  applied  in  the  | —  relation. ) 

Since  S  is  finite,  there  exists  some  uq  =(a^,  ...,  afi)  such  that  if  u  is  in  S, 

then  u  =  (a  ,  ...,  a,  )  for  some  is  j  <  ...  <J  £  n.  Let  K7  = 

J1  Jk  IK 

K^x  (9U{c)).  Let  D7  =  (K7,£^,S  (q^, e),  F*{e),  uq),  where  6  7  is  defined  as 

follows  (for  arbitrary  u  =  (a.  ,  ...,  a.  )): 

°1  Jk 

(6)  ((q7,c),(l  ,  ...,  1  ))  is  in  5  7( ( q, e ),a, (e,  ...,  e))  if  (q\e)  is 

1  n 

in  6(q,a, c). 


(7)  ((q'e),(l0 

*(q,a,a(  >)Sk+1). 


la  )) is  in  67((q,u),a,(€, 
n 


f  •  •  •  9 


. . .,  e))  if  (q7e)  is  in 


$ 
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(8)  ((q,u),(l  ,  •••>  ))  is  in  5  ((q,0/a»(c>  •  ••,  O)  if 

1  n 

(9./»'t(u))  is  in  6  (q,  a,€ ) . 

(9)  ( (q#» w), (u^,  ...,  u^))  is  in  6  '((q,u),a,  (y',  V^))  if 

(q/,a(u,(u1,  ...»  v^)))  is  in  6  (qJB.,rT(v)iy1  ...  ?Vk§  i  vhere  \±  in  for  each 

Ji 

i,  u'  =  u_^  and  y'  =  vi  for  i  in  {j^  ...»  Jk),  and  =  1^  and  y^  =  €  for  i 
not  in  ( •  •  •  ,  <jk)  • 

It  is  readily  seen  that  L(D/)  *  L(D)  and  D'  is  quasi-realtime  if  D  is  quasi¬ 
realtime.  Thus  £(fl )££(■*))  and  £^(A)  c  £^(15),  whence  equality  in  both  cases. 

Since  each  <3^  may  be  considered  a  multitape  AFA,  we  have 
Corollary.  If  (Q,fl)  is  a  multitape  AFA,  then  for  each  v  there  exists  a 

single-tape  AFA  (9,<3)  such  that  £(<f)  =  £(fl  )  and  £^(<5)  =  £^(5  ). 

u  u 

Using  lemma  1.1,  we  are  able  to  apply  results  of  [5]  to  multitape  AFA. 
Since  we  are  dealing  with  acceptors,  we  are  naturally  interested  in 
various  families  of  sets  of  words.  We  recall  some  terminology  from 

17,51. 

Definition.  A  family  of  languages  is  pair  '£,£),  or  £  when  £  is  understood, 
where 

(1)  £  is  an  infinite  set  of  symbols, 

,  .  * 

(2)  for  each  L  in  £  there  io  a  rit+x.*  set  Z-^-E  such  that  LCI^,  and 

(3)  L  y  0  for  sone  L  in  £. 

Ihe  families  of  languages  we  are  most  concerned  with  are  now  given. 

Def inltion.  An  abstract  family  of  languages  (abbreviated  AFL)  is  a  family 
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(6)  (7) 

of  languages  closed  under  the  operations  of  U,  * ,  +,  e-free  homomorphism  , 
inverse  homomorphism,  and  intersection  with  regular  sets.  An  AFL  is  said  to 
be  full  if  it  is  closed  under  arbitrary  homomorphism. 

It  was  shown  in  [5]  that  for  each  single-tape  AFA  A,  X^S)  and  X  are 
AFL  containing  (e),  with  X(jO)  being  full  (and  conversely,  for  each  AFL  X 
containing  (e),  resp.  full  AFL  X,  there  exists  a  single-tape  AFA  A  such  that 
£^(*0  =  X, resp.  £(«)  c  X).  From  Lemma  1.1  we  therefore  get 
Theorem  1.1.  For  each  multitape  AFA  £,  Xt(fi)  and  X($)  are  AFL  containing  (e), 
with  X(fl)  being  full.  Furthermore,  for  each  u,  X^(fi ^ )  and  X(fl^)  are  AFL 
containing  (e),  with  X(fl^)  being  full. 

One  of  the  operations  upon  families  of  languages  in  which  ve  shall  be 
interested  is  intersection.  This  leads  to 
Notation.  For  families  of  languages  X^  ...,  X^  let 
XjA  ...  A  Xn  =  (LjH  ...  fl  Ln/each  Li  in  X^, 

We  now  introduce  some  notation  to  describe  certain  families  of 
languages  related  to  a  given  family  of  languages. 

Notation.  For  each  family  of  languages  X  let 

(6)  +  co  i  *  co  i  i+1  i 

'  'For  each  set  of  words  A,  A  ■  U  A  and  A  *»  U  A  ,  where  A  =  A  A, 
tel,  and  A°=  (e).  i«l  i«K) 

(7  )  #  ^ 

v  'A  mapping  h  from  Z^  into  Z^  is  a  homomorphism  if  h(xy)  B  h(x)h(y)  for  all 
x  and  y  in  Z,.  If  h(x)  =  €  implies  x»€,  then  h  is#said  to  be  c-frec. 

The  mapping  n"^-  of  subsets  of  Z„  into  subsets  of  Z.  defined  by  h-i(Y)=  (x/h(>c)  in  Y) 

2  J* 

for  all  is  called  am  inverse  homomorphism. 
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(a)  7(1)  be  the  smallest  AFL  containing  X. 

(b)  7(X)  be  the  smallest  full  AFL  containing  X. 

(c)  h(X)  =  (h(L)/L  in  X,  h  an  e-free  homomorphism). 

A 

(d)  3((X)  =  {h(L)/L  in  X,  h  an  arbitrary  homomorphism). 

(e)  F_(X)  be  the  smallest  AFL  containing  X  and  closed  under  intersection. 

A 

(f)  7^(X)  be  the  smallest  full  AFL  containing  X  and  closed  under 
intersection. 

(a)  AX  =  (L/l  ...  0  Ln/n*l,  each  L  in  X)  =  U  (X  A  ...  A  X  ),  X  -  X 

nil  1 

for  each  i. 

Clearly  the  families  in  (a),  (b),  (e),  and  (f)  exist. 

Finally,  we  summarize  a  number  of  AFL  relations  (some  already  known) 

which  are  used  extensively  in  the  sequel. 

Theorem  1. 2.  Let  X,  X. ,  . . . ,  X  ,  £'  . . . ,  1 1  be  AFL  . 

-  1  '  nf  1  m 

(a)  S(X)-?(X). 

(b)  J(X^A  ...  A  X^)  =  7(X^ A  ...  A  X^),  and 

U(X  A  ...  A  X  )  =  j}(M(X.A  ...  AX  ))  =  /(X  A  ...AX), 
i  n  '1  n  1  n 

(c)  H(X  A  ...  A  X  )A  W(X '  A  ...  A  X ' )  C  U(£,A  ...  A  £  A  X'  A  ...  A  X') 

J-  nl  ml  nl  m 

and  sl(£  A  ...  A  X  )A  W(x'  A  ...  A  £')  C  U(£  A  ...  A  X  A  £'  A  ...  A  X'). 

-L  n  1  m'  1  n  1  m 

(d)  iiCXjA  ...  A  £n)  =  JI(M(X1)  A  ...  A  i)(x  )). 

(e)  (X )  =  i((AX)  =  7(aX),  and 

7n(I)  =  )i(AX)  «7(A£)  *7(jl(X))  -«(A«(X))  «yn(M(£)). 

Proof,  (a)  Tlais  equality  is  in  [HJ. 

(b)  The  first  equality  is  ia  [7]  and  the  second  follows  from  the  first. 
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(c)  Let  L.  be  in  X.A  ...  A  X  and  In  A  ...  A  X'.  Let  h,  and  h. 

1  1  n21  m  12 

be  homomorphlsms,  and  let  L  =  h^(L^)  0  Since  f(x)flY  =  f[xfif"^(Y)] 

for  arbitrary  sets  X  and  Y  and  an  arbitrary  function  f,  L  =  h^(L^D  h^"h  (Lg)). 

Since  ll(X'  A  ...  A  X')  and  2(X.#  A  ...  A  X')  are  AFL,  h"1  h  (l)  =  h  (l')  for 

sane  homomorphism  h^,  e-free  if  h2  is  e-free,  and  some  set  L'  in  X|  A  ...  A 

Then  L  =  h^LjO  h^L'))  =  h^Ch"^  1^)0  l').  From  [7],  ^A  . . .  A  X^  is  closed 

under  h  .  Thus  L  is  in  h(X  A  ...  A  X  A  X.  A  ...  AX).  If  h,  and  h.  are 

v  1  n  1  nr  12 

e-free.  then  h.h_  is  e-free  so  that  L  is  in  W(X,A  ,  a  X  A  X1  A  ...  A  X'). 

'  1  3  '  1  n  1  nr 

A  A  ^ 

(d)  Clearly  ^(X^  =  #[M(£^)].  Continuing  by  induction,  suppose 
Jl(X^A  ...  A  Xfi  =  W[W(X^)  A  ...  A  H(Xn  ^)],  ni2.  Consider  M(x^A  ...  A  X^). 
Obviously  H(X^A  ...  A  X^)  c  M[M(X^)  A  ...  A  ^(X^)].  Furthermore, 

3l[fi(X1)  A  ...  A  M(Xn)]  c  i[M(M(X1)  A  ...  A  S(Xn-1))  A  S(Xn)] 

=  ^[^(I^A  ...  A  X^_^)  A  3((Xn)  ],  by  induction, 

=  ...  A  *n_lA  Xn)],  by  (c), 

=  WfXjA  ...  A  X^). 

-mus  MfXjA  ...  a  x  )  =  5[W(x1)  a  ...  a  il(xn)]. 

(e)  Consider  the  first  sequence  of  equalities.  Clearly  M(aX)  =  ?(AX) 

c  S^(X).  To  get  equality,  it  suffices  to  show  that  li(AX)  is  closed  under 

intersection.  To  this  end,  note  that 

3t(  A  X )  A  33(aX)  =  U  M(X  A  ...  AX]  A  [1  33[X  A  ...  AX] 
mil  nisi 

U  («[X  A  ...  A  X]  A  M[X  A  ...  A  X]  ) 
m,  nil  n  m 

c  U  W[X  A  ...  A  ^]m+n  /by  (c), 
m,  nil 

c  3J(aX). 
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For  the  second  sequence  of  equalities,  we  have  ^n(X)-  M(aX)  -  ^(AX  ). 
Replacing  X  by  3I(X),  we  have  7q(N(X))  =  ^(AW(X))  =  y(AJf(X)).  From  (d),  we 

A  A 

readily  get  3f( AX )  =  3I(aM(£)).  Hence  the  result. 

Corollary,  (a)  If  n£2  and  X^,  . ..,  X^  are  AFL,  then 

1P(X,A  ...  A  X  .)  A  X  ]  =  W(X,A  ...AX). 

L  v  1  n-17  n  '  1  n ' 

(b)  If  m»2  and  X^,  . ..,  are  full  AFL,  then 

H[H(X.A  ...  A  X  ,  )  A  X  ]  =  fl(X  A  ...  AX  ). 

v  1  n-1'  n  '1  n ' 

Proof.  It  suffices  to  show  (a),  a  similar  argument  holding  for  (b).  Since 

X1A  •**  A  Xn-1  ~  )l(XlA  **•  A  Xn-1)' 

3'(X_  A  ...  AX  )  C  JI[M(X  A  ...  A  X  )  A  X  ]. 

'1  n'  '  1  n-1'  n 

On  the  other  hand, 

JP^A  ...  A  Xn-1)  A  Xn]  =  JltJKX^  ...  A  A  JI(Xn)] 

s  ]{[il(X^A  ...  A  X^)  ],  by  (c)  of  Theorem  1.2, 

=  3I(X.A  ...AX). 

'  1  n' 

Combining,  we  get  the  desired  equality. 


Section  2.  Multitape  AFA  and  Intersection 


In  this  section  we  represent  the  smallest  AFL  containing  the  intersection 
of  languages  from  a  finite  sequence  of  AFL  in  terms  of  a  multitape  AFA.  In 
particular,  we  define  A  ...  A  fl  for  the  sequence  of  multitape  AFA 
°r  ’V  ^The  oper6"^  A  for  multitape  AFA  plays  a  basic  role  throughout 

the  paper  and  is  analogous  to  the  cross  product  operation  x  in  set  theory. )  We 


then  show  that  )l(Xt(c)  )  A  ...  a  X^fl  ))  =  Xt(fl.  A  ...  A  &  )  and 
^  J-  n  1  n 

H(£(V  A  ...  A  X(in))  =  X(fl1  A  ...  A  fln). 


«  «  « 
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We  now  introduce  the  operation  A  for  multitape  AFA. 

Notation.  Let  ^  be  an  abstract  set,  simple  order  on  #  ,  and 

{(H  )/3  in  Si)  a  family  of  multitape  AFA,  with  Q  =  (K,Z,0  ,4  )  for 

p  p  p  p  p  p 

each  0.  Then  Afl  is  the  multitape  AFA  (Q,Afl ),  where  Q  =  is 

<n  V 

defined  as  follows: 


(1)  a  =  U  (ax  (p)). 

p  in  &  P 

(2)  u(a,  p)  =  Up(o)  for  each  p  in  S  and  each  Ct  in 

(3)  (a,p)  *<  (a^p7)  if  and  only  if  either  p  =  p'  and  a  <  a' ,  or  p<  p*. 

P 

If  S  is  a  finite  set  ft  -  (p. ,  ....  p  }  and  < . ,  is  the  order  on  d*  as  given, 

x  n  /) 

then  A*L  is  written  as  A  fl  or  A  ...  A  A  . 

*  3*i*n  Pi  31  Pn 

Obviously  the  set  of  words  accepted  is  independent  of  the  order  <  ,  on  Si  . 

Jy 

Frequently  H  is  a  subset  of  the  integers.  In  this  case,  unless  stated 

otherwise,  is  the  natural  order  of  the  integers. 

If  the  Cl^  are  pairwise  disjoint,  then  we  may  identify  each  (a, p)  with  a 

and  write  Ct  as  U  d  .  In  the  sequel,  we  shall  always  assume  (without  loss  of 

p  ln£  P 

generality)  that  the  Ct  are  pairwise  disjoint. 

P 

For  each  multitape  AFA  (Q,)0),  may  be  identified  with  A  fi  . 

a  in  a  a 

A 

We  now  turn  toward  showing  that  X($^  A  ...  a  fin)  =  W(X(i)  )  A  •••  A  *£0^  )) 
and  X^*)^  A  ...  A  »  ^(X^i)^)  A  ...  A  That  is,  the  family  of  those 

sets  accepted  by  at  least  one  acceptor  (quasi-realtime  acceptor)  in  the 
AFA  fljA  ...  A  coincides  with  the  family  of  the  homomorphic  (e-free  homomorphic) 
images  of  the  sets  in  X^Q^)  A  ...  A  £($n)  A  ...  A  £^(8  )),  First 


though,  we  need  two  lemmas. 
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Lemma  2.1.  For  all  multitape  AFA  and 

x^)  a  x(a2)  <=  x(axa  «2) 

and  X+(fl1)  A  Xt(fl2)  c  X^A 

Proof.  For  each  i,  let  =  (K,E,G^,  and  let  =  (K^,Z^,6^, q^,F^,u^) 

be  in  with  =(a^,  . ..,  C*^)  and  u2  =  (p^,  . ..,  p^).  Let 
u^-  •  •  •  t  P-^j  •••i  Pjj)*  ^3  ~  ^2*  and  F^  -  F^  x  Fg» 

Let  =  (K  ,5^1  L^^yqyFyV^),  where  5^  is  defined  as  follows: 

(1)  If  a  is  in  E^n  E^  (q  ,  (u.^,  •••>  ti^))  is  in  S^(q>&,  (y^>  •••  >  Yk)) 
and  (p'^u^  ...,  u^))  is  in  52(p,a,(y',  ...,  y [)),  let  ((q',p')> 

(u^  •••)  u^,  •  •  •>  u^))  ^((l^P^a,  (y^,  •••)  Yk>  Y^>  •••>  Y^) )• 

(2)  If  (q7,  (tip  ...,  v^))  is  in  6^0,6, (yx»  •••>  Yk))>  then  for  all 

(y{>  •••>  y[)  in  Gq  and  p  in  Kg  let  ((q',p),  (u^  ...,  u^,  lCp^Y-^),  . .  .jlflfyYfc))) 
be  in  (<1»  p)j  9(y^j  •  •  •>  Yk*  Y^>  •*•;  Y^))* 

(3)  If  (p',(vl,',  ...,u'))  is  in  62(p,e,(y',  ...,  Yp)>  then  for  all 

(Yl#  Yk)  in  Gq  and  all  q  in  ^  let  ((q,pO>  W^pY^  •* •  # l(<\»Yk)>u', . . .  ,  u')) 

be  in  p)j  G>  (Yq»  •••>  Yk>  Yj_>  •••>  Y^))* 

Clearly  L^)  =  L^.^)  0  L(D2)  and  is  quasi-realtime  if  and  only  if 
and  D2  are  quasi-realtime.  Hence  the  result. 

Lemma  2.2.  For  all  multitape  AFA  and  6^ 

(a)  3<(Xt(i)1)  A  X^flg))  =  X^fljA  *2) 

and  (b)  H(X(fl1)  A  X(*2))  =  M(Xt(01)  A  X^))  -  X(^A  flg). 

Proof.  For  each  i,  let  Q  =  (K,E,Gj,<  ,1^).  Consider  (a).  By  Lemma  2.1  and 
Theorem  1.1,  ll(£t(fl]L)  A  X^flg))  =  WU^fljA  =  i^A 

To  see  the  reverse  containment  let  D  =  (K^,E^,5,qQ,F,u)  be  quasi-realtime  and  in 
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with  u  (o^,  ••*,  0^*  •  ••,  0^),  Q^,  •  »*,  0^  in  and 

^1*  •••»  in  a2*  Let  L  “  ^(D)*  For  each  q,a,Y1#  . ..,  Yk+£  such  that 
#  (6(q,a,(Yl,  ...,  Vk+Ji)))  >0(8)  and  each  i,  lii<  #(8(q,a,(Yl,  •••»  Yk+Jt))) 
let  (q^a^Cvp  . ..,  Yk+jp>i)  be  a  new  element  of  E.  Let  Eg  be  the  set  of  all 
such  (q^a,(v^  •  ••,  Yk+^),i)*  Clearly  Eg  is  finite.  Let  c  be  a  new  element 
of  E.  Let  h^  and  hg  be  the  hotnomorphisms  on  Eg  and  (E^Ll(cJ)  resp.  defined 
by  b^((q,a, (y^,  Yk+£),i))  =  a  if  a  /e  and  is  c  if  a  =  e,  and  hg(a)  =a  if 

a/c  and  hg(c)  =  e.  We  shall  show  that  there  exist  L^  in  and  Lg  in 

Xt('5g)  such  that  L  =  hgh^I^H  Lg)  and  Lg  is  e -limited  on  h-^LjTI  L  ).^ 

From  this  it  will  follow  that  Lg)  is  in  M(Xt(^1)  A  £*($  )),  an  AFL 

containing  (e)  [7],  thus  that  hgh^L  0  Lg))  is  in  W^^)  A  Xt(^g))  [5]. 

For  i  -  1,2  let  -  (  K^,  Eg,  6  q^j  F,  u  ^ ) ,  where  =  (o!^,  ...,  Q^), 
u2  =  ^1*  and  5i  is  defined  as  follows:  For  each 

(q,a,(Yl,  Yk+jl),i)  in  Eg,  let  the  elements  of  6  (q,  a,  (y^  ...,  Yk+£)) 

be  simply  ordered  in  some  way.  If  (q',^,  ...  u^))  is  the  i-th  member  of 

5(<ba,(Yl,  •  ••,  Yk.hA)),  let 

®  3_(  (q> a>  (Y^>  •••>  Yk+jj)>i),  (y^>  •••>  Yk) )  =  ,(u^,  •••, 

and  ^  g(q,  ( q,  a,  (y^,  •••>  Yk+jg,)>i)>  (Yk+2/  •••  Yk+^)/-^(q  >(^+2/  •••#  Uk+Jj))^* 

Let  L^=  L(D^)  and  Lg=  L(Dg).  Since  6^  and  5g  have  no  e -moves,  L^  is  in  X^C'O^) 
and  Lg  is  in  £^(<1  g).  Clearly  L  c  hgh^(L^fl  Lg)» 

(^For  each  set  E,  #(E)  denotes  the  number  of  elements  in  it. 

(9) 

A  homomorphism  h  is  e -limited  on  a  set  L  if  there  exists  l£»0  such  that  for 
all  w  in  L,  if  w  =  xyz  and  h(y)  =  e,  then  |  yf<k  . 
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Consider  the  reverse  containment.  If  €  is  in  L^fl  L^j  then  q^  is  in  F 
and  e  is  in  L.  Suppose  \rfz  is  in  L^O  L^,  with  fw|  =  n.  Then 

v  =  (P]_> ai^Yll'  Yi(k+>e)^  Jl'  *'•  ^W^nl'  Yn(k+X)^  V 
for  some  p^  . ..,  pn  in  K^a^  ...,  an  in  Z^Ute},  each  (y^,  ...,  y^^)  in 

Gd,  and  1  *  i±  *  #(fi(pi,ai,(yil,  . ..,  1  *  i  <  n.  For  each  i,  let 

(pi>  (uU>  •••>  ui(k+jfc))  be  the  ^i“th  element  of  S  (p1j.  a±»  (yi;l#  •••>  y±(kH)^‘ 
By  definition  of  f— 5  6^  and  5  it  follows  that  qQ=  PpIJr=  P^+^>  1  5  r  <  n, 

and  p^  is  in  F.  Furthermore,  there  exists  y^,  •**,yi(k+£)>  ^21* 

y2(k+^>  yn(k+4)  5X1011  that  yll  ***  yl(k+4)  =  €,y(i+l)r  “ 

fa  (yir'  uir^  and  G  =  fa  ^ynr,unr^  for  1  *  1  <  n>  1  21  r  s  k>  “d 
r  r 

y(t*l)(kn-)  ~  f«r(yi(k*r)'  ui(k+r)^  and  £  =  fBr(yn(k*r)'  un(ktr)>  for 
1  k  i  <  n,  1  k  r  s  t.  Let  P„+1=  end  y(n+1)  f  ...  y(n+1)(k+1)  -  €.  Hien 


(pl’ai'^yil'  yl(k+t)^^D  ^pl+l’e,^y(l+l)l’  y(l+l)(k+i)^ 

for  1  s  i  s  n,  so  that  a.^  . . .  &n  =  hjjh-^w)  is  in  L.  Therefore  hgh^(L^0  L^)~  L. 

Furthermore,  if 

h2hl((pr'V(vrl'  •••>  Vr(k+X)),Jr)  ...  (Pr+s>ar+s^Y(r+s)l»*,,,Y(r+s)(k+je) 

S*^*l 

then  h, ( ( p  ,  ...  )  ...  (p  ,  •••))  =  c  and  a  =  e.  Then 

jl  t  rTs,  r  r^s 

(pr,  e>(yrl>  •••»  yr(k+£)^^  ^pr+s+l,€^y(r+s+l)l,*",y(r+s+l)(k+A)^* 

Since  D  is  quasi-realtime,  there  exists  an  integer  t  such  that  for  all 

configurations  C  =  (q,e,  (y^  .,.,  y^))  and  c'  =  (q',e,  (y  V  ->v'+,))ofD, 

Z  ^C7  implies  i  £  t.  Hence  s+1  £  t.  Therefore  h 2  is  e-limited  on  h^(LjO  L^). 

Consider  (b).  It  was  shown  in  [5]  that  for  any  single-tape  AFA  $,  thus 

a  t 

for  any  multitape  AFA  <5  by  the  corollary  to  Lemma  1.1,  X(^)  =  Jl(I  ($)).  Hence 
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X(fl1  A  o2)  =  W(x^i  a«2)) 

-  i()t(Xt(«1)  A  l\tz))),  by  (a) 

-V^AX^)) 

=  2(W(Xt(fi^) )  A  2(Xt(fig))),  by  Theorem  1.2  (d), 

-  a  x(*2)). 

Theorem  2.1.  For  all  multitape  AFA  4^,  . ..,  4n 

(a)  JI(Xt(«1)  A  ...  A  Xt(An))  =  Xt(fl1  A  ...  A  iR) 

and  (b)  UfXCflj)  A  ...  A  «=  A  ...  A  Xt(«n))  =  £(a  A  ...  A  fln). 

Proof.  For  each  i  let  0^  = 

(a)  Clearly  W(Xt(fi^))  «  X^fl  ^),  so  that  (a)  is  true  for  n=l.  Continuing 
by  induction  suppose  the  theorem  is  true  for  n-1.  Now 
XVXA  ...  A*n)  =Xt((fl1A  ...  Afln-1)Afln) 

■  M(Xt(fl1  A  ...  A  ^n_1)  A  Xt(Sn)),  by  Lemma  2.2, 

•  h[W(X^(fl^)  A  ...  A  X^(5n_^))  a  by  induction. 

Now  U[JJ(Xt(fl1)  A  ...  A  Xt(Xn_1))  A  3i(Xt(fln))] 

c  il[h(Xt(fi1)  A  ...  A  X^fl^)  A  Xt(fln))],  by  Theorem  1.2  c, 
■^(xVl)  A  ...  A  X^flJ) 

=  A  ...  A  X^fi^))  A  W(Xt(an))], 

since  Xt(4)1)  A  ...  A  X^*^)  =  W(Xt(fl1)  A  ...  A  X^fi^)). 
Ihus  we  have  equality.  Hence 

IKX1^)  A  ...  A  t\*n))  =  *<[«(Xt(fl1)  A  ...  A  X^fi^))  A  xfy  ))] 

*  Xt(fi  A  ...  A  4  ). 

1  n' 
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(b)  iVc^)  A  ...  AX(/Jn)J  -  it[ll(Xt(*1))  A  ...  A  fl(xVn))) 

=  W[X^(fl.)  A  ...  A  )  1,  by  Theorem  1.2  df 

j.  n 

-  ^C«(Xt(*1)  A  ...  A  Xt(£n))] 

=  3((Xt(i31  A  ...  A  y),  by  (a) 

=  X(fl1)  A  ...  A  fin). 


Examples,  (l)  Let  denote  the  AFA  of  1-counters.  Now  It  Is  known  that  every 
recursively  enumerable  (r.e)  set  is  accepted  by  at  least  one  2-counter  [3* 

19].  Thus  the  family  of  r.e.  sets  is  X(fl  A  fi  ),  which  is  )  AX^fl  )) 

by  iheoren  2.1.  Examining  the  proof  of  Lemma  2.2,  we  see  that  every  r.e.  set 
is  expressible  as  the  homomorphic  image  of  a  pair  of  deterministic  realtime 
1-counter  languages.  Since  it  is  undecidable  if  an  arbitrary  r.e,  set  is  empty, 
it  is  undecidable  if  L^H  -  0  for  arbitrary  deterministic  realtime  1-counter 
languages. 


(2)  Let  A  be  the  AFA  of  pushdown  acceptors  (pda).  The  family  of  list 

languages  defined  in  [8]  is  the  family  of  e-free  languages^  in  X^jQ  A  fl  ). 

P  P 

By  Theorem  2.1,  X^(A  A  A  )  =  W(X^(A  )  A  X  "(A  )),  Let  X^  he  the  e-free  languages 


in  Xt(fl  ).  Clearly  the  family  of  list  languages  is  then  h(X^A  X^).  Let 
X  be  the  family  of  e-free  context-free  languages.  It  is  shown  in  [  1^-)  that 
X£CF  =  X  .  Therefore  the  family  of  list  languages  can  be  characterized  as 
Ji(XeCFA  £gCF.  )  It  is  proved  in  [  U]  that  Jl(-EeCpA  £eCp)  is  the  family  of 
languages  defined  by  a  context-free  "control"  set  acting  on  an  "e-free"  context- 
free  grammar,  thereby  providing  a  second  characterization  of  the  list  languages. 
A  third  characterization  will  appear  in  Section  3* 


A  set  is  e-free  if  it  does  not  contain  e. 
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We  now  turn  to  W(aX^(£))  and  JI(aX(£)). 

Notation.  If  £  is  a  multitape  AFA,  then  A£  is  the  multitape  AFA  A  £  , 

a  n 

where  Cl  ■  {n/nal}  and  £  ■  £  for  eacn  n. 

'  n 

Theorem  2.2.  For  each  single-tape  AFA  (Q,£ ) 

(1)  xfy#)  -  »  (ax'W)  -?n(It(«)). 

(2)  X(Afl)  -M(AX(«))  -  iVx^i))  =  *n(X'f)) 

Proof.  (1)  By  Theorem  1.2  e,  M(AXt(fi))  ■>  7^(Xt(jC)).  Suppose 

0  *  (K,E,r,I,f,g).  Then  A£  is  the  multitape  AFA  where 

T  =  (K,£,d,<,n),  a  -  U/l*l),  <  «  <,  and  u(i)  =  (r,I,f,g)  for  each  i. 

Let  fi  =  f.-  v.  Now  for  each  n,  £  may  be  regarded  as  the  n-tape  AFA, 

n  ^  jmp  •  •  •  p  xx)  n 

fl  A  ...  A  £  (n  times).  By  Theorem  2.1,  therefore, X^(£n)  = 

h(Xt(£)  A  ...  A  X^)).  Thus  Xt(£n)  c  II (a  £*(£)).  Then 

Xt(A£  )  *  U  X^(£  )  c  W(A  Xt(£)).  On  the  other  hand,  if  L  is  in  W(A  X^fi)), 
n  n 

then  L  •  h(L^  D  ...  D  Lr)  for  some  c-free  homomorphism  h,  some  n£l,  and  some 
languages  L^,  ...,  Lr  in  X^(£).  Then  D  ...  H  1^,  thus  L,  is  in  X^(£n). 
Therefore  W(A  Xt(£))  c  Xt(A£),  whence  equality. 

(2)  Now  X(A  fl)  -  K(X(A  £))-  «(Xt(A  £)) 

■  M(M(a  £*(£))),  by  (l)  above 
-  *<A  X‘(#)) 

■  ?q(X  (£)),  by  Theorem  1.2  e. 

Then  X(A  £)  ■  h(A  Xt(£)) 

■  h( A  M(Xt(£)))>  by  Theorem  1.2  e, 

-h(A  X(£ )  ) 

A 

-  ?P(X(£)),  by  Theorem  1.2  e. 
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Hence  (2)  follows. 

Using  the  previous  r« suit,  we  now  present  a  characterization  of  a  (full) 
AFL  closed  under  intersection. 

Theorem  2.3*  £  is  a  (full)  AFL  containing  (e)  and  closed  under  intersection 

if  and  only  if  there  exists  an  AFA  (fi,4),  0  =  (K, £,2,<,u),  such  that 

I  =  ■Ct(fl)  (£  =  £(4)),  2  is  infinite,  and  n(a)  -  u(0)  for  all  a  and  0  in  2. 

Proof.  Suppose  (0,4)  is  an  AFA  such  that  £  s  £^(4)  (£  =  £(4)),  2  is  infinite, 

and  n(a)  =  u(&)  for  all  a  and  0  in  2.  Clearly  £  contains  (c).  From  the 

£^(4)  and  £(0)  point  of  view,  there  is  no  loss  in  assuming  2  is  countable. 

Then  4  =  A  4  =  A  3^,  where  4^  =  4^  for  all  a.  The  "if"  then  follows  from 
Q 

Theorem  2.2. 

Consider  the  "only  if."  Suppose  £  is  a  (full)  AFL  containing  (e)  and 
closed  under  intersection.  Hence  there  exists  a  single-tape  AFA  4^  such  that 
£t(fi1)  =  £  (X(.'l1)  =  X).  By  Theorem  2.2,  £t(A  4^  =  ^(£*(4^)  =  *„(£)  =  £ 
since  £  is  an  AFL  closed  under  intersection  (£(A  4^)  =  $^(£(4^)  =  $^(£)  =  £). 

The  res'iit  then  follows  frer.  th^  feet  that  A  4^  is  an  AFA  satisfying  the 
theorem. 

Examples,  (l)  Let  4^  be  the  family  of  pda  and  4^  the  family  of  single-tape 
one-way  Turing  acceptors  (i.e.,  the  input  tape  is  read  one  way).  It  is  known 
that  each  Turing  acceptor  can  be  imitated,  without  los6  of  time,  by  some 
2-pushdown  acceptor  3  ].  Ihus  £^(4^)  c  £^(4^)  c  £^(4p  A  4p)  ■  M(Xt(£^)A  £^(4^)), 
Then  h(A  x  (4^))  c  ^(A  £^(4^))  c  H(a  X^(J3p)),  whence  equality. 

*p)  =  )I(A  f>p))  =  )I(A  Xt(«T))  •  l‘(A  ST). 


Therefore 
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In  other  words,  L  can  be  recognized  in  quasi -realtime  by  a  multitape  Turing 

acceptor  if  and  only  if  L  can  be  recognized  in  quaai-realtime  by  a  multi- 

pushdown  tape  acceptor  if  and  only  if  L  is  the  €-free  homomorphic  image  of  the 

(finite)  intersection  of  context-free  languages. 

(2)  By  a  straightforward  extension  of  results  in  [15]  and  [4],  it  can 

be  shown  that  for  each  ni2, 
m.  m^  m 

L  -{a1b...ancanb...a  /m.,  ....  m  atl) 
n  'in 

is  recognized  by  a  quasi-realtime  n-counter  acceptor  but  by  no  (n-l) -counter 
acceptor.  That  is,  if  is  the  AFA  of  1-counter  acceptors  and  A  =  A  for 

C  x  C 

each  1*1.  then  L  Is  in  A  .  # .  A  £  )  but  not  in  1^(6,  A  <M  A  4  „)#  Thus 

7  n  l  n  l  n-l 

t\tc)  =  Xt(*<:  A  *c)  =  *(Xt(*c)  A  t\«e)) 

C  M(£t(ic)  A  Xt(*c)  A  Xt(*e)) 

...  , 

with  each  containment  proper,  forms  an  infinite  hierarchy  of  AFL  properly 

contained  in  Xcg,  the  family  of  context-sensitive  languages.  By  contrast  it 

is  still  open  whether  the  family  of  list  languages,  the  e-free  languages  in 

X^(A  A  A  )  *  W(X*(A  )  A  X^(4  )),  is  propei  contained  in  the  family  of 
P  P  P  P 

€-free  languages  of  WfX^fl  )  A  Xt(fl^)  A  X^A  ))  or  whether  the  family  of  e-free 
languages  in  X*(A  )  is  properly  contained  in  XCg. 

In  passing,  we  note  below  a  specialized  result  between  the  A  operation, 
linear  homomorphisms,  and  AFL. 

* 

Definition.  A  homomorphism  h  is  linear  on  L  c  if  there  exists  k>0  such 

that  lw|sk!h(w)l  for  all  w  in  L.  For  each  family  of  languages  X, 

Ulin(I)  -  (h(L)/L  in  X,  h  linear  on  X), 


let 
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It  is  shown  in  [  9  3  that  W‘^n(£)  is  an  AFL  for  each  AFL  X. 

Theorem  2.4.  Given  and  d^  »lln(A  X)  =  #lin(£A7(L)  A?(l))^  for 

every  e-free  AFL  X^  containing  L  =  (wd^/v  in  (d^dg)*)^. 

Proof.  Since  L  is  in  X,  M^n(XA3(L)  a7(l))  c  ^^(AX).  It  thus  suffices  to 

show  the  reverse  inclusion.  Therefore  let  L,.  ....  L  be  in  X,  with 

1*  *  n  ' 

n  * 

U  c  E^,  E1  finite.  Let  c  be  a  symbol  not  in  E^.  Since  ?(l)  contains 

L  =  (wd-^wR/w  in  (d^d^)  ),  ?(l)  contains  the  e-free  linear  context-free 

languages.  Therefore  7(L)  contains  the  linear  context-free  language 
Lj,  =  (vcwR/v  in  E*).  Let  S±  =  (i^,  c)n,  S2  -  £*0(1^  e)11"1!^,  and 

L#  =  (Lj_  cE*c)  ...  (LncE*c).  Then  S^  S2  =  {(vcvRc)n/v  in  E*}, 

L'fl  SjH  S2  =  {(wcwRc)n/w  in  ...  0  Lj, 

and  SjO  S2  is  in  7(l)a7(l).  For  each  a  in  E^,  let  a  be  a  new  symbol  and 
E2  =  (a/a  in  E^} .  Let  h^,  hg,  and  h^  be  the  homoraorphisms  defined  by 

hx(a)  =  h^a)  =  a,  h^c)  =  c,  hg(a)  =  a,  hg(a)  =  hg(c)  =  e,  and  h^a)  =  a, 

for  all  a  in  Z^.  Then 

l"  =  h'^L'Jn  h’1(s1)n  E*c(E2U(c})* 

=  (wch^v^c  [h^wjch^w^c^'^/w  in  L^  7  ...  0  L^}. 

Since  X  is  <  -free,  h_  is  linear  on  L"  and  L,  fl  ...  fl  L  =  h_(L^)  is  in 

2  1  n  2 

n(XA  ?( L)Ay(L)).  Hence  Jl^in(AX)c  W  ^■^n(XA?(L)A7(L) ),  whence  equality. 

^'We  write  7(L)  for  7((l)). 

(l^) 

V-^A  family  of  languages  X  is  c-free  if  each  language  in  X  is  e-free. 

^Let  eR=eana(a.  . . .  a  )R  =  a  ...  a,,  each  a.  a  symbol. 

1  n  n  1'  i 
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Section  3»  Multitape  Transducera 

In  the  previous  section  ve  established  dome  connections  between 
multitape  AFA,  AFL,  and  the  A  operations  for  AFL  and  multitape  AFA.  In  this 
section  we  add  an  output  tape  to  a  multitape  AFA  to  obtain  an  associated 
family  of  multitape  transducers.  We  then  note  connections  between  multitape 
transducers,  composition  of  single-tape  transducers,  and  the  A  operation  for 
multitape  AFA. 

We  first  define  multitape  transducers. 

Definition.  Let  (0,4)  be  a  multitape  AFA,  with  fi  *  (K,E,G,<,|j)) . 

Let  (0,4°)  or  4°  when  Q  is  understood,  be  the  set  of  all  6-tuples 
M  =  (K^,E^,E^6,qo,u),  called  multitape  transducers,  such  that 

(a)  K^,  E^  and  E^  are  finite  nonempty  subsets  of  K,  E,  and  E,  resp. 

(b)  is  in  K^. 

(c)  u  “(a^,  ...,  0^),  k  finite,  in  Q  for  each  i,  and  0^  <  a^+1  for 
1  s  i  <  k. 

(d)  6  is  a  function  from  x  E^U(e})  X  (r^  x  ...  x  r  )  into  the 

finite  subsets  of  K.  X  (I  X  ...  X 

x  ax 

3M  =  ^Yl»  •••»  Yk)/*(<l»a,(Y1,  •••#  Yk))^  0  for  seme  q  and  a} 
is  finite. 

is  said  to  be  a  multitape  abstract  family  of  transducers  (abbreviated, 
multitape  AFT). 

In  a  multitape  transducer,  K^,  E^,  and  E^  are  called  the  "states," 


V 


such  that 


"inputs,"  and  "outputs,"  resp. 
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The  notation  for  the  movement  of  multitape  transducers  is  similar  to 
that  for  acceptors. 

Notation.  Let  M  =  u)  be  a  multitape  transducer.  Let  | — be  the 

relation  on  K,  x  Z  x  (r  x  ...  x  r  )  x  F  defined  as  follows: 

X  al  He  2 

For  a  in  FJjte),  w  in  F*,  and  y;  in  F^ 

(qj  aw,  (y^,  ...,  yk),  y')  (q',w,  (y',  ...,  Yk),  '/y) 

if  there  exist  y^,  ...,  y^,  each  in  ( y ^),  such  that 

(q7,^,  ...,  Uy),  y)  is  in  ...»  Yk))  and  f“a  (y^^)  =  for  each  i. 


1  n  1  **■ 

The  relations  | —  and  p—  are  defined  as  in  a  multitape  acceptor. 

A  multitape  transducer  realizes  a  function  in  the  following  way. 

Notation.  Let  M  =  ( K^, F^, F^, 6 , q^,  u )  be  a  multitape  transducer.  For  each 
* 

w  in  F^  let 

M(w)  =  [z/iq^yV,  c,  e)|— ■  (p,e,€,z)  for  some  p  in  K^) . 

For  each  L=  F*  let  H(L)  =  U  M(w). 

w  in  L 

We  shall  need  some  special  types  of  transducers. 

Definition.  Let  M  =  ( K^,  F^, F^, 5 , qQ,  y )  be  a  multitape  AFA. 

(l)  M  is  e -input  bounded  if  there  exists  nctO  such  that  for  all 
q.q'^Y^Y^  y,  and  y',  (q,c,(Ylf  ...,  Yk)>y)!—  (q',e, (y{,  Yk)>y') 


implies  n^m. 

(2)  M  is  e -output  bounded  if  there  exists  m2r0  such  that  for  all 
<bq#»w,w',Ylf  and  y',  (q,w,  (y^  ...,  yk),e)  b2-  ( q',  w',  (y^,  ...  Yk),e) 


implies  n£m. 
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(3)  M  is  partially  e -output  bounded  if  there  exists  rr&O  such  that 
for  all  q,q.*tv,y±9  and  (q,w,(y1#  Vk),e)f-^-(q/>€,(y',  ...,  Yk),e) 

implies  |  w|  s  m . 

Note  that  M  is  e -output  bounded  if  it  is  £ -input  bounded  and  partially 
£  —output  bounded.  Also,  if  M  is  partially  £ -output  bounded  then  it  is  e -output 
bounded. 

Notation.  Let  . ..,  (0n^n)  be  multitape  AFA  and  . ..,  (^n^n) 

the  corresponding  AFT.  Let  ill.  «  HV»  to.  and  -  be  the  sets 

1  n'  1  n  In 

of  mappings  defined  by 

\  ...  0  ’  VeOChMi  lnl?> 

1  n 

q  =  (Mn  ...  Rj/each  in  5°  and  partially  e -output  bounded}, 

1  n 

and  to^  =  tMfi  ...  M^/each  in  fi°,  £ -input  bounded,  and  e- 

1  *  *  *  n 

output  bounded) . 

Let  \  a  (X)  =  (f(L)/f  in  in  jQ  ,  L  in  X), 

1  *  ’ '  n  1  *  *  *  n 

%  ...  1  (i)  =  lnfl>i  ...  »  '  Lln  X)’ 

In  In 

and  ..  a  (£  )  =  (f(L)/f  in  to£  j  ,  Lin  X), 

1  "  *  n  1  **  n 

We  now  present  two  lemmas  which  play  a  role  analogous  to  that  of 
Lemmas  2.1  and  2.2. 

Lemma  3«1.  Let  X  be  an  AFL  containing  { e }  and  (Q,fi)  a  multitape  AFA.  Then 

tf(x/vx(fi))c  %(i), 

1I(£A£(S))=  tyx), 

and  h(XAXt(fi))=  mJ(X). 
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Proof.  Let  1^  be  in  X  and  L2  in  £(£).  Let  -  L(D)  for  D  = 

(K^, £^, f qQ, F^, v )  in  &,  u  =  (c^,  . ..,  0^).  Let  c  and  f  be  new  symbols  in  £ 
and  K  resp.  Then  L^c  is  in  X  and  L^c  is  in  £(i).  If  L ^  is  in  £^(fl),  then 

•f  #  # 

L0c  is  in  £  (fi).  Let  h  be  a  homomorphism  from  £^  into  £ 

Let  M  be  the  multitape  acceptor  (l^lKf),  £^J{c),  £^  6^,  q^u),  vhere 
u  =  (a^,  . ..,  ct^)  and  5^  is  defined  as  follows: 

(1)  Let  (q'^v^,  uk),h(a))  be  in  Sg^a,^,  yk))  if 

(q  >  •••>  u^))  Is  ln  9j  ( Y^j  ***,  Yj^))» 

(2)  Let  (f,(l_,  ,  ...»  1(V  ),  e)  be  in  6  (p,c,(  e,  ...,  e))  for  all  p  in  F. 

al  \  d 

*  / 

Then  for  w  in  £^  q,q  in  K^, 

(q^w,(y^,  Yjc)»€)(^“(tl  #c,(y^,  yk),  h(w)) 

if  and  only  if 

(l>wi(  Y-^  •  Yk)  tef  (Y]_>  •••>  Y^))* 

Thus  M(Ljc)  =  h(LjO  L2),  so  that  hfLjTI  L  )  is  in  !hfi(£).  If  h  is  e-free,  then  M 
is  partially  e -output  bounded,  so  that  hCl^D  L  )  is  in  tofi(l).  If  D  is  quasi¬ 
realtime  and  h  is  e-free,  then  M  is  c -input  bounded  and  e -output  bounded,  so 
that  h(LjH  L^)  is  in  IT^(X).  This  completes  the  proof. 

temraa  3.2.  Let  X  be  an  AFL  containing  £ e )  and  (Q,$)  a  multitape  AFA,  with 
(Q,)0O)  the  corresponding  AFT.  Then 
ryx>=  «(XA X^)), 

^(X>=  J»(XAX(«)), 
and  ^(X )c  Jl(XAXt(fl)). 
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Proof,  Let  L  be  in  X  and.  M  =  in  X°,  with  u=  (a^,  . ..,  Ct^). 

Let 

n  =  max(|  zl  /(p', (v^,  ...,  u^z)  in  5(p,a,(v1,  ...,  Yk))  for  some  p,  p', 
a,  u,.  u^  Y1#  Yk)- 

Since  Gm  is  finite,  n  exists.  For  v  in  1  ^|w|  <  n,  let  w  be  a  new  symbol 
and  E^  the  set  of  all  such  w.  Let  D  =  (K1U(KXE3),  ZjU  Eg,  «2»VKPU)' 
where  6  is  defined  as  follows: 

(1)  If  (q  ,(u^,  »♦«>  ^  a*  (Yi#  **•>  Vk))>  then 

(a)  ((q*, z), (u^,  v^))  is  in  52(q,a,(Yx,  ...»  Yk))  if 

(p)  (q  •••;  ^  ®2(q,a,  ^1*  ****  Vk) )  if  z=e* 

(2)  (^(ICo^Y-l),  l(otk,Yk)))  is  in  5 2((q,  z),  z,  (y^  •••,  YR) ) 

for  all  (q,z)  in  *  E^  and  all  (y^,  •••>  Yk)  in  GM« 

Let  L^  =  L(D)  and  L2  =  Shuf(L,E*)?^  Then  L^  is  in  X(S)  and  is  in  X?^ 

Let  h  be  the  homomorphism  on  E^IJ  E^  defined  by  h(a)  =  e  for  a  in  E^  and 
h(w)=  w  for  w  in  E,.  Then  M(L)  =  h(L,/)  L^),  so  that  M(L)  is  in  J1(XaX(jO)). 

Suppose  M  is  partially  e-output  bounded.  Then  there  exists  uch  that 

(qjWjCYj^  ...  Yk)»e)  | —  (q7,^,  (y^,  ...,  Yk),0  implies  |v|s  m.  Then  for  any 

xwy  in  Ly  h(w)  =  e  implies  |w!*  m+1.  Thus  h  ir  e-limited  on  1^  and  so  on 

LjTI  Lg.  Now  U(XAX(fl) )  is  an  AFL.  Since  X  contains  (e)  and  X(fi)  contains  C e ) , 

tt(XAX(fi))  contains  (e).  Therefore  h^f")  L2)  is  in  W(XA£(;0))  [5].  Hence  M(L) 

is  in  )J(XaX(X))  if  M  is  partially  e-output  bounded.  If  M  is  e-input  bounded, 

^Let  1^  and  L  be  languages.  Then  Shuf(Lj,L2),  the  shuffles  of  L^  by  L^,  is 
defined  as  the  set 

(w^  ...  wnyn/w1  ...  wn  in  1^, y1  ...  yn  in  L^  nsl}. 

(15) 

It  is  known  [5]  that  if  X  is  an  AFL,  L  is  in  X  and  R  is  regular,  then 
Shuf(L,R)  is  in  X. 


2  January  1969 


33 


TM-738/050/OO 


then  obviously  D  is  quasi-realtime  and  L(D)  is  in  X^fl).  Thus,  if  M  is 

e -input  bounded  and  e -output  bounded,  and  thus  partially  € -output  bounded, 

then  h(L,,n  L^)  =  M(l)  is  in  W(XAX^(fl)).  This  completes  the  proof. 

Using  the  two  previous  lenxnas  we  now  derive 

Theorem  3«1»  Let  ...,  (n^S^)  be  multitape  AFA  and  £  an  AFL 

containing  (e).  Then 

\  *  (X)  -  »(rAT(A1)  A  ...  A  X(fi  )), 

1  “  *  n 

%  0  (X)  -  HfXAX^)  A  ...  A  X(fi  )), 

1  . . .  n 

and  ^  (X)  =  M(£A£t(*1)  A  ...  A  Xt(0n)). 

1  *  *  *  n 

Proof.  We  proceed  by  induction  on  n.  The  result  holds  for  n  =  1  by  the 
previous  lemmas.  Suppose  n>2  and  the  theorem  is  true  for  n-1.  Then 

V  ...  t  W  <V  ...  «  <*>>«  definition. 

In  n  1  n-1 

=  («(XAX(fl1)  A  ...  A  X(4n_^)),  by  induction, 

n 

=  #($(XAX(fl^)  a  ...  A  X(fin_^))  AX(Xq)),  by  induction. 

Now  W[M(JCAX(«1)  A  ...  A  X(fl  ))  A  X(«  )) 

3  M[XAX(fi1)  A  ...  A  X(*n)] 

=  jwxaxC^)  a  ...  a  x(flQ)] 

3  Jl[fl(XAX(«1)  A  ...  A  X(fin_1))AM(X(«n))],  by  Theorem  1.2  c, 

=  U[fl(XAX(*1)  A  ...  A  X(flQ_1))AX(*n)]. 
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Thus  !nfl  #>>  ^  (X)  =  «[M(XAX(*1)  A  ...  A  £(fin_1))AT(fln)) 


n 


=  «[XAX(fi1)  A  ...  A  £(fi  )]. 
In  a  similar  manner. 


\  ... «  w  •*»  \  ...  *  ,<*» 

In  n  1  n-1 


•%  [«(IAX(«  )  A  ...  A  X<*  )] 

n 

-  ^(XAX^)  A  ...  A  X(fin-1))AX(*n)  J 

«  W[XAX(«1)  A  ...  A  X(«  )]. 

Similarly  ft*  .  (X)  -  M[XA.Ct(ft.)  A  ...  A  Xt(fi  )]. 

**-...*)  x  n 

1  n 

As  a  corollary,  we  get 

Theorem  3.2.  Let(Oj,X^),  ...,  (Q  ,$n)  be  single-tape  AFA  and  X  an  AFL 

containing  {e}.  Then  ft^  A  A  jj  =  S  («C)  and 

1  *  *  *  n  1  ”  *  “ 

X  A...  A  -<...*<*)• 


n 


n 


1 . n  ”1 

Proof,  fog  A  a  s  W  =  W(XAX(fl1  A  ...  A  jfln));  by  Theorem  3.1, 


n 


A  .  A  . 


e  M(XAiH(X(^;L  A  ...  A  X(fin)),  by  Theorem  2.1, 

=  3(XAX(fl  )  A  ...  A  X(«  )),  as  shown  in  the 

proof  of  Theorem  3.1, 


ftfi  fi  (£),  by  Theorem  3.1. 

1  "*  n 


The  proof  that  ftfi  A  A  ^  (X)  =  ft^  ^  (X)  follows  similarly. 
1  n  1  *  *  ’  n 


•  •  • 
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Remark.  Theorem  3*2  asserts  that  the  composition  of  single-tape  transducers 
is  equivalent  to  a  multitape  transducer,  from  the  point  of  view  of  families 
of  sets  produced  as  output  by  (l)  all  transducers,  and  (2)  e-input  bounded 
and  e-output  bounded  transducers.  In  general,  however, 

^4  4  (^)  ^  ^4  A  a  4  (^)*  Foij  ^  of  regular  sets 

*1  *  ’ '  n  “l  **  *  n 

and  4.  =4=4  ,  the  family  of  pda.  Then 

1  2  p 

">*  h<£)-  "(^y  V>  *  x(y  V* 

p  p 

which  is  the  family  of  all  r.e.  sets.  Since  X(4p)  3  X^(4p)  [lk], 

%  <5  (X)  «  «(XAX(4  )AX(4  )) 

P  P  * 

=  W(X(4p)AX(4p)) 

- 

Now  N(£  (4p)A£  (4p))  contains  only  recursive  sets  (in  fact,  only  context- 

sensitive  languages  and  context-sensitive  languages  union  (e)).  Thus 

^4  4  ^  a  proper  subfamily  of  ^  ^  (X). 

P  P  P  P 

Example.  The  list  languages  have  already  been  characterized  as  each  of  the 

following  families: 

(1)  The  e-free  sets  which  are  recognized  by  quasi-realtime  2-pda 
acceptors. 

(2)  The  e-free  sets  which  are  the  e-free  homomorphic  image  of  the 
intersection  of  quasi -real tine  pda  languages,  i.e.,  the  e-free  sets  in 

ii(j:t(«p)AXt(sp)). 
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(3)  The  sets  obtained  from  con  text  -free  control  sets  acting  on  e-free 
context-free  grammars. 

Using  the  previous  theorems  we  may  add  the  following  characterizations: 

(4)  The  e-free  sets  obtained  from  partially  e-output  bounded  pushdown 
transducers  operating  on  context-free  languages,  i.e.,  the  e-free  sets  in 

(**(%))  -  uufypKty)  -  M(it(*p)AXt(ip)). 

(5)  The  e-free  sets  obtained  from  e-outpuc  bounded  and  e -input  bounded 
pushdown  transducers  operating  on  context-free  languages,  i.e.,  the  e-free 
sets  In  rnja1^))  =  #(Xt(ip)AXt(*p)). 

(6)  The  e-free  sets  obtained  from  e-output-free  pushdown  transducers 
operating  on  context-free  languages.  [For,  let  7  be  the  set  obtained  from 

e -output-free  pushdown  transducers  acting  on  context-free  languages.  It  can 

be  shown  that  (£^(*1  ))  c  7  C  (£t(i  )),  the  second  containment  by  a 

P  P  P  P 

recoding  argument.  Since  (£^(*5  ))  =  #(£^(4  Al^(fi  ))  =  (£^(4  )), 

p  P  P  P  P  P 

5  =  V'lK))- 

P 

Section  4.  Nested  Multitape  AFA 

In  thin  section  we  study  "nested"  multitape  AFA.  We  shall  see  that 
they  allow  a  representation  of  the  substitution  of  AFL  into  AFL. 

Intuitively,  a  multitape  acceptor  is  "nested"  if  each  move  can  change 
at  most  one  storage  tape,  and  all  tapes  to  the  right  of  this  one  are  e.  In 
order  to  express  these  two  conditions  in  our  formalism  we  need  to  distinguish 
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identity  instructions  in  our  acceptors.  More  precisely,  we  have 
Notation.  For  each  a  and  y,  let  ^(v)  =  (u  in  I0/fa(y/,u)  =  y'  for  all  y '  in 
where  ^^(v)  =  NVy  in  g^y"))* 

By  definition  of  an  AFA  schema,  ta(v)/  0  for  each  y  in  g^(Ta). 


We  are  now  able  to  define  a  "nested"  multitape  AFA. 

Definition.  A  nested  multitape  AFA  is  a  pair  (fl,iN),  where 
(1)  (0 ,4)  is  a  multitape  AFA,  with  n  =  (K,£,Ct,<,u), 

and  (2)  4N  is  the  set  of  all  D  =  (Kp£^,6,qo,F,  (0^,  ...,  a^)  in  4  with  the 
following  property  (far  arbitrary  q',q  in  K^a  in  E^uCe),  (v^,  ...,  u^)  in 


a. 


x  ... 


x  I  ,  and  (y^,  •••»  Yj^)  ^n  G^) :  If  (q  ,  (u^,  •*.,  u^))  1° 


fi(q,a,  (y1#  ...,  y^))  and  u^  is  not  in  ^  (y^)  for  some  X,  then  u^  is  in 

Sj 

(y^)  for  6111  and  Yi  =  €  for  a^-  i>-e  • 

N 

Each  D  in  4  is  called  a  nested  acceptor. 

Notation.  Let  £(4N)  =  (l(d)/d  in  4N}  and  Xt(4N)  =  (l(d)/d  in  4N  and  D  quasi- 
realtime}  . 


Note  that  if  D  is  nested  and  (q,a,  (y^,  ...,  Y^))! — (q/»e/(y^  •••>  Y^))* 
then  there  is  at  most  one  X  with  y y^,  and  either  X  3  k  or  Y1  =  £  =  yj 
far  i>  X.  Thus  at  most  one  tape  of  D  is  changed  and  all  tapes  to  the  right  of 
it  are  inactive,  i.e.,  are  e. 

The  meaning  of  the  term  "nested"  becomes  clearer  if  we  consider  sane 
familiar  AFA.  Suppose  an  acceptor  such  as  a  pda,  a  Turing  acceptor,  or  a 
one-way  stack  acceptor  [6]  has  the  storage  configuration  depicted  in  Figure  1, 
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that  is,  a  tape  with  a  read-write  head  which  affects  exactly  one  symbol  of 
the  storage  tape.  This  type  of  configuration  is  visually  reflected  in  the 


Figure  1 


formalism  by  a  pointer  symbol,  say  ^ ,  and  the  definition  g(xZ|  y)  =  Z,  where  Z 
is  a  symbol  and  x  and  y  are  words  which  may  have  other  restrictions.  (In  a  pda, 
y  =  e;  see  Example  4  in  [5]  for  the  definition  of  a  one-way  stack  acceptor.) 

In  these  cases,  activating  a  tape  is  equivalent  to  inserting  a  new  tape, 
initially  e,  enclosed  In  markers— say  matched  brackets— where  the  read-write 
head  is.  The  nesting  condition  says  that  the  head  cannot  leave  the  bracketed 
vape  until  the  bracketed  tape  be  cones  c .  This  is  equivalent  to  preventing 
the  multitape  AFA  from  changing  a  tape  until  all  tapes  to  the  right  are 
inactive.  Restricting  the  device  to  n  tapes  is  equivalent  to  restricting  the 
depth  of  the  nesting  of  brackets  to  n.  For  pda  and  Turing  acceptors,  nesting 
does  not  affect  the  computational  power  of  the  type  of  device.  For  one-way 
stack  acceptors,  we  shall  see  later  (Example  3)  that  nesting  increases  the 
computational  power.  We  shall  show  in  this  section  that  nesting  of  devices  is 
related  to  substitution  in  languages. 

N 

From  the  definition,  it  is  clear  that  £  =  £  for  each  single-tape  AFA. 
However,  in  general  a  nested  multitape  AFA  need  not  be  a  multitape  AFA  as 
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defined  in  Section  1.  To  motivate  the  use  of  the  word  "AFA:  after  "nested 
multitape,"  we  now  show  that  a  nested  multitape  AFA  is  equivalent  (from  the 
sets  accepted  point  of  view)  to  a  single -tape  AFA. 

Lemma  4.1.  For  each  nested  multitape  AFA  (Q>^),  there  exists  a  single-tape 
AFA  (0,5")  such  that  £^(5”)  “  and  I(2F)  = 

Proof.  Let  ^(u),  F  and  g  be  as  in  the  proof  of  Lemma  1.1.  For 
u  =  (a^,  . ..,  a^),  1  £  i  £  k,  and  u  in  IQ  ,  let  o(u,4,u)  be  a  new  symbol  and 

J if 

I  -  (a(u,4,u)/u  =  (a^,  ...,  a^),  1  s  i  s  k,  u  in  IQ  }u(a(u)/all  u)u(e). 

JL 

For  v  «  (o^,  ...,  a^),  let  f(e,u(u))  =  a(u)Sk+1,f(a(u)§k+1,  e)  =  e,  and 


f(e,e)  =  c.  For  u  =  (c^,  ...,  a^),  (x^  ...,  x^,)  in  T  x  . . .  *  r  ,  l  such 

1  K 

that  either  ^  =  k  or  x^  =  c  for  all  i>4,  and  u  in  3^  ,  let 

Sj 

f(a(u)§x15  ...  ~  cr(u)§x^§  ...  x^§, 

where  x'  =  x^  for  all  1,  and  x^  =  fQ  (x^,u).  By  the  same  reasoning  as  in 

Ji 

Lemma  1.1,  (F,  I,f,g)  is  an  AFA-schema.  Let  n  =  (K,2,r,I,f,g). 

\  N  — 

Let  D  =  (K^,E^,5,qQ,F,u)  be  in  £  .  Let  and  tq  be  new  symbols  in  K 
and  D  =  (K^U(qo,ro),Zp5,  q^,  (rQ) ),  where  5  is  defined  as  follows: 

(1)  =  ((q^u)}. 

(2)  ( rQ,  e )  is  in  F(p,  for  each  p  in  F. 

(3)  If  (q',^,  ...»  u^.))  is  in  5(q,a,(y1,  ...,  yk)),  then 
F(cl>0*c(u)sy1§  ...  Yk§)  contains 
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(a)  (q/,o-(u,l,u^))  if  =  e  and  is  in  ^  (e)  for  all  i,  1*  i  sk. 

(8)  (q/,a(v>4, u^))  if  y^e,  y^  =  e  for  all  i>4,  and  u^  is  in 

*  (y  )  forUiSk, 
i 

(c)  (q',a(u,A,Ujt))  if  u^  is  not  infa  (y^),  vl±  is  in^a  (y1)  for 

l  i 

all  i^£,  and  y^=  e  for  all  i>4. 

Clearly  L(D)  =  L(D)  and  D  is  qua  si -realtime  if  D  is. 


Now  let  D  =  (KpE^^q^F)  be  in  S’.  Let 
S  =  (u /(q/,cr(u) )  in  5(q,a, e)  for  some  q  and  a). 


As  in  the  proof  of  Lemma  1.1,  we  may  asstime  that  there  exists  u0=(a^  *  an) 

such  that  if  u  is  in  S  then  u  =  (a,  ,  ...,  a.  )  for  some  is  j  <  ...  <  j  s  n. 

Jl  Jk  1  k 


We  may  also  assume  that  if  (q#o(u^,  £,u)  )  is  in  5  (q,a,a(u2)§y1§  ...  yk§),  then 

v1  =  u2  =  («(1  ,  ...,  a,  )  isin  S,  u  is  in  Ifl  ,  is  in  (r*  )  for 

1  k  jx  j±  j1 


1  s  i  s  k,  and  y±  =  e  for  i>  i.  Let  D  =  (K^SU  («)),  5^,6^  (q^,e),F  x{e},i>0). 


where  6.  is  defined  as  follows  (for  arbitrary  u  =  (a,  ,  ...,  a  )): 
x  Jk 

(*0  ((q',0,  ,  •••,  ^  ))  is  in  51((q,e),a,(e,  ...,  e))  if  (q',e) 

1  n 

is  in  5  (q,a, c). 

(^)  ((l  >£)i  i  •••>  ^  ))  is  in  5^((q,u),a,  (c,  ...,  e))if(q,e) 

1  n 

is  in  5  (q,a,a(u)§k+1). 
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(6)  ((q',u),  (1^  ,  la  ))  is  in  6^(q,€),a,(e,  ...,  c))  if  (q'^u)) 

1  n 

is  in  5(q,a,e). 

(7)  ((q',u ),  (vl[,  ...,  u'))  is  in  61((q,u),a,(y;[J  ...,  y'))  if 

(q'j'-Ku^u))  is  in  5(q,a,cr<u)§Y1  C  ...  y.  S),  vhere  y  =  e  for  all  i>X, 

J1  Jk  °i 

u!  =  l(a.  ,  y.  )  for  all  i^X,  u'  =  u,  and  y'  =  e  and  u'  =  1  for  all  j  not 

JjL  Jj£  J  J 

in  •  ••*  • 

Then  L(D)  =  L(D)  and  D  is  quasi-realtime  if  D  is. 


From  Lemma  4.1  there  immediately  follows 
Theorem  4,1.  Fo^  each  nested  multitape  AFA  iN,  X(4N)  is  a  full  AFL  and  X^(4N) 


is  an  AFL  containing  (e). 

We  now  present  some  definitions  and  remarks  about  substitution,  the 
operation  to  be  associated  with  nesting. 

'ft 

Definition.  Let  L  c  E,  and  for  each  a  in  E,  let  L  c  E  .  Let  t  be  the 
—  1  1  a  a 

* 

function  defined  on  E^  by  T(e)  =  {e},  T(a)  =  L&  for  each  a  in  E^,  and 

t(u1  ...  an)  =  T(a1)  ...  T(an)  for  each  ai  in  E^  and  kfel.  Then  t  is  called  a 

substitution,  r  is  extended  to  2  by  defining  t(x)  =  U  t(x)  for  all 

x  in  X 

*  ,  .  + 

X  c  E^.  If  r(a)  c  Ea  for  each  a  in  Ep  then  t  is  called  e-free. 


Notation.  Let  X^^  and  Z^  be  families  of  languages.  Let  (oCX^X^)  be 

the  family  of  all  sets  t(L^),  where  Lj£  e  ^  is  In  X^  and  t  is  a  (e-free) 
substitution  such  that  t(b)  is  in  X^  for  each  a  in  E^. 
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We  usually  write  a(XrX  2)  as  £±  a  and  (KX-^Xg)  as  Xx  a  Z^ 

remarks,  (l)  Let  X^  and  be  families  of  languages.  Let  Z^  = 

(L  in  X^/e  not  in  L}.  Then  X^cr  X^  =  X Note  that  Z  is  an  AFL  if  Zo  is. 

(2)  It  was  shown  in  [13]  that  n  is  associative  on  families  of  languages 
closed  under  isomorphism,  i.e.,  (X^a  X2)a  X^  =  X^a(X2a  X^)  if  X^,X2»  and  X^ 


are  families  of  languages  closed  under  isomorphism.  The  same  proof  shows 
that  a  Is  associative  on  such  families  of  languages.  Because  of  this  associa¬ 
tivity,  we  shall  omit  the  parentheses  in  iterated  applications  of  a,  resp. 
a,  when  the  underlying  families  are  closed  under  isomorphism,  as  in  AFL. 

(3)  Neither  a  nor  a  is  commutative,  even  on  AFL,  i.e.,  both 
X^a  X2  =  X^j  X^  and  Z^a  Z^  =  XgO  are  false  for  AFL  X1  and  X^.  For  let 

h  '  *  “a  quasi -realtime  one-way  stack  Oanguages  and  Z. ,  the  con.ext-free 
languages.  Then  Zg  X^,  but  X^c  X^c  X^  is  false  [16],  The  situation  for 
a  follows  from  that  for  a  by  Remark  1.  [A  separate  example  for  a  is  to  let 
X^  be  the  recursive  sets  and  X2  the  regular  sets.  Then  Z^  X^  =  X^,  but  X^j  Zr 


is  the  family  of  r.e.  sets  and  thus  not  X^. 

(4)  If  X^  and  X2  are  AFL,  with  X^  full,  then  Z^a  X^  =  Z^a  X2 

Proof.  Clearly  Z^s  Zz  X^a  Z^.  To  see  the  reverse  containment,  let  LjC 

be  in  X1  and  t  a  substitution  such  that  t(s)  is  in  X^  for  all  a  in  E^.  Let 

& 

be  the  substitution  on  defined  by  T^(a)  =  (a)  if  e  is  not  in  t(b)  and 
T^a)  =  {a, e)  if  €  is  in  T(a).  Since  X1  is  a  full  AFL,  t^L^)  is  in  X^  Let 
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r0  be  the  substitution  on  Z^  defined  by  t 2(a)  =  T(a)-{e)  for  each  a.  Then 
T^(a)  is  in  for  each  a.  Thus  t(L^)  =  is  in  £^>  80 

V  Z{‘  V  X2* 

(5)  If  X^  and  X  are  AFL,  with  X  containing  U),  then 

Xjn  Xa  =  i(X1)  a  X2  =  h(X1)  c  X2. 

A  A  ^  A 

Proof.  Since  W(£^)  is  a  full  AFL,  H(£^)  o  =  W(£^)  a  by  Remark  4. 

A  A 

Obviously  X^rr  £  c  ^(X.^)  o  £2*  To  see  the  reverse  inequality,  let  be  in 

.  *  #  #  * 

LjC  £p  h  a  homomorphism  of  Z^  into  Z^,  and-  T  a  substitution  on  such 

that  r(a)  is  in  for  each  a  in  Let  c  be  a  new  symbol  and  t  the 

substitution  on  (Z^Ulc})  defined  by  r(a)  =  T(a)  for  each  a  in  Z^  and  t(c)=  {e } . 

—  ¥-  __ 

Let  h  be  the  homomorphism  on  Z^  defined  by  (i)  h(a)  =  h(a)  if  a  is  in  Z^  and 

h(a)^a,  and  (ii)  h(a)  =  c  if  a  in  and  h(a)  =  e.  Since  h  is  e-free,  "H(  1^) 

is  in  Clearly  TChCl^))  =  T(h(l^))  is  in  £jO  Urns  W(£^)a  zz  £ ^  £^ 

and  the  proof  is  complete. 


We  now  present  two  lemmas  that  play  the  roles  of  Lemmas  2.1  and  2.2 
of  Section  2. 

Lemma  4.2.  Let  4^  and  fl2  be  multitape  AFA  and  4^  ~  4 2 •  Then 

X‘0")  a  X^sjJ)  =  XV") 

and  X(«J)  a  X(e”)  s  X(*“). 

Proof.  Let  —  Por  i  —  1,2.  let  —  (K^, Z^,5^, q^,F^,u^)  be 

in  4‘!  and  for  each  a  in  Z  let  D  =  (K  ,Z  ,6  ,q  F  ,u  )  be  in  4^.  We  may 

X  1  a  El  &  El  “a/  a  &  2 
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assume  that  K^fl  Kq  =  K^O  for  all  a  and  b,  aj^b,  in  ZL^.  By  extending  each 
if  necessary,  we  may  assume  that  there  exists  Dg  =  p^)  such  that 

¥r 

=  Ug  for  all  a  in  Z^.  Let  t  be  the  substitution  on  Z^  defined  by  T(a)=  L(Da) 

for  each  a  in  E^.  We  shall  construct  in  such  that  L(D^)  =  T(L(r)^)). 

Let  D  =  (K  ,  U  Z  ,5  ~,q.F  ,u  ),  where  K  -  K.U  U  (K-X  K  ), 

J  ^in!^  a  ^  ^  3  1  akZi  1  a 

=  (a^,  0^,  p^,  p^),  and  6^  is  defined  as  follows  (for  each  q  in 

Kl'  *  in  Zy  “*d  (y^  Yk)  in  G^): 

(1)  tet  (q  ,  (u^,  •••,  u^,  lp>  •••>  ip  ))  be  in  5^(q,c, (y^,  ...,Yk, e,  ...,c)) 

if  (q',^  ^))  is  in  ^(q^e,^,  Yk)). 

(2)  Let  ((q,qa),  (1(0^^),  l(o^, Yk),  lp  ,  1^  ))  be  in 

X  & 

5^(q,€, (y^,  Yk,  e,  v..,  e)). 

(3)  Let((q,p'),  (1(0^, y^,  1(0^, yk),  u^  u£))  be  in 

^((QjP)^, (y^,  •  ••*  Yk>Y^/  if  (p  •••»  u^))  is  in  6a(pjb, (y^, . . .jY^)) 

where  p  is  in  K&,  b  in  Za,  and  (y^,  . ..,  yp  in  . 

a 

(4)  I/Jt  (q  ,  (u^,  ***>  ip  t  ip  ))  he  in  ^((qip),^,  (y2,...,yk,e,  •••,£ 

^1  l 

if  p  is  in  Fa  and  (q',^,  ...,1^))  is  in  6x(q,a, (y^  ...,  Yk)). 

Clearly  L(D^)  =  t(l(D^)).  Since  D1  and  the  D&  are  nested,  so  is  D^.  If 

and  the  Dq  are  quasi -realtime,  and  t  is  e-free,  then  is  qua  si -realtime. 

(For  if  D.  has  at  most  k,  € -moves  and  each  D  at  most  k  ,  then  D.  has  at  most 
x  x  a  a  j 

anax(ka/a}  +  k^  +  2  consecutive  e -moves). 


2  January  1969 


45 


TM-738/050/OO 


The  reverse  Indus  iocs  of  Lemma  4.  2  are  also  true,  That  is,  ve  have 
Lemma  4.3*  lender  the  hypotheses  of  Lenma  4. 2, 

£*(*")  =£*(*")  a  !*(*") 
and  £(*“)  s  X(*J)  „  X(«J). 

The  proof  of  Lemma  4.3  is  quite  involved  and  is  not  especially  enlightening. 
As  such,  it  is  given  in  the  appendix. 

Lemma  4.4.  Let  (0^,4^),  fan»&n)  tie  multitape  AFA,  with  n>2.  Then 
£*((<1/  ...  A  in)H)  «  „  Xt(i”)  a  ...  0  X^sJJ) 

and  X((«jA  ...  A  «n)K)  =  X(«*)  £  i(i")  3  ...  S  £(«") 

=  £(*")  ,X(»5  a  ...  ®X(*J) 

=  i\“l)  £  (£(*")  a  ...  a 

Proof.  Suppose  n=2.  By  Leninas  4.2  and  4,3, 

X^KijA  «a)N)  •  X^t”)  a  £*(*“) 
and  X(iJ)  0  X(X®)  =  X((ixA  «2)N)  e  X(*“)  a  X(i“). 

Since  X(x“)  CT  X(x”)  =  X(*J)  £  £(X>”), 

x(*j)  o  £(•*)  “  X(*J)  3  X(*“)  =  X( (X jA  *2)n) 

-  »(£*(« J))Sx(«*) 

*  Xt(X")  £  X(i2),  by  Remark  5  following 


the  definition  of  substitution. 
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Continuing  by  induction,  suppose  the  result  is  true  for  n-122. 
Consider  n.  Then 

^((fi-jA  ...  A  $n)N)  =  -C^( ...  A  a  by  induction, 

=  a  ...  a  o  by  induction, 

and  £((^1  A  ...  A  fin)N)  c  ^((fi-jA  •••A  cr  £(£>^),  by  induction 

=  (jC(jO^)  a  ...  a  XC^^cr  by  induction, 

=  £(fi^)  <7  ...  a  £(i^),  by  Remark  5, 

”  w(^t(4^))  ct  (£(£>2)  o  ...  a  £(fi^)),  by  Remark  5, 

=  W(Xb(i^))  c  (£(£^)  a  .••  a  £(£>^)),  by  induction, 

“  £^(4^)  ct  (£(^2)  cr  ...  a  £(4^) ),  by  Remark  5. 

N 

Since  £  =  fi  for  a  single -tape  AFA,  we  immediately  get 

Theorem  4.2.  Let  ...,  (Q,  ,iOn)  be  single-tape  AFA,  with  r£2.  Then 

^((V  ...  A  «n)N)  =  X^)  A  Xt(X2)  ,  ...  cr  iVp 

and  XgijA  ...  A  in)K)  -  X(i1)  5  X(Xa)  £  ...  a  X(«n) 

-  *(*!>  a  X(«2)  a  ...  a  X(*n) 

5  (f(i2>  0  •••  o  *<*„)>• 

From  Theorem  4.2,  we  derive 

Corollary  1.  If  ...,  £r,  n^2,  are  AFL,  then  so  is  lr-  ...  <7  £n« 


Proof.  By  induction,  it  suffices  to  show  the  result  for  n~2 
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Consider  n=2.  There  exist  single-tape  AFA  and  sue*1  that 
=  ^uCluUJ/L  in  Z^)  for  each  i  [5].  By  theorem  4.2, 

Xt(i1)  a  Xt(*2)  =  Xt((i1A  42)N), 

so  that  X^(fi^)  n  X^(4  )  is  an  APL.  By  definition  of  the  operation  n  ( e-free 
substitution), 

£t(£1)  CT  £^£>2)  =  X*^)  a  £2 

=  (£xa  £2)U({lU{e)/L  in  £1)  CT  £g). 

If  £1  contains  e,  then  £^  £g  =  X^jD^)  o  X^Cig)*  If  £^  does  not  contain  (e), 
then  Z^n  £ 2  =  (L-{e}/L  in  £t(£1)  <7  £t(fi2)). 

In  either  case,  £^ct  £^  is  an  AFL. 

Corollary  2.  If  £^,  . ..,  £^,  ii>2,  are  AFL,  then  so  is  £^a  £^  ...  a  £^  . 

Proof.  Again  it  suffices  to  consider  the  case  n=2.  If  £2  does  not  contain  (e), 

/s  A 

then  Z^a  £g  “  £][a  Z^.  If  £?  contains  (e),  then  Z^  £g  «  M(X1)  a  Z^  by  Remark  5. 
In  either  case,  Z^  Z  ia  an  AFL  by  Corollary  1. 

Corollary  3»  If  Is  an  AFL  and  £^  is  a  full  AFL,  then  £^<7  £?  is  a  full  AFL. 

Proof.  Let  and  £,  be  AFA  such  that  £^(10^^)=  £^U(lLl{e)/L  in  Z^)  and  £(£0)=£2> 

By  Theorem  4.2,  Xt(*x)  S  i(*2)  =  X((ljA  &zf),  so  that  Xt(i1)  S  X(«a)  la  a 
full  AFL.  Now 

Xt(41)  S  X(*a)  =(XX3  X2)U(LU(e)/L  In  X^  Xg). 
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By  Corollary  2,  X^  Xg  la  an  AFL.  Since  le)  i3  In  X^  ((e)  =  -r((a))  for  the 

suostitution  T(a)  ■  (e)),  L^}  Xg  ■  Xt(4^)  a  X(4g). 

Remark.  Corollaries  2  and  3  were  proved  in  [13]  by  different  methods.  By 
Remark  1  of  Section  4,  Corollary  2  implies  Corollary  1. 


Corollary  4.  Let  (0,4)  be  a  multitape  AFA,  -with  0  “  (K,£,Ct,<,n).  Then 

*V>-  Jfc 

a±  in  a  1  n 

ol  <  ...  <  a 


and  !(«")-  X( I  )  , 

Olj  In  O  n 

ct.  <  ...  <  a 

x  n 


If  Q  is  finite,  say  (2  =  (ctj,  ...,  aQ),  then 

iV)  -  )  a  ...  cr  ) 

±  n 

and  X(4N)  =  X(4  )  o  ...  a  X(4  ) 

1  n 

=  X(4a  )  $  ...  $  X(4a  ). 

1  n 

We  now  turn  to  the  representation  of  the  "substitution  closure"  of 
£*(4)  and  X(4). 

Notation.  For  each  family  of  languages  X,  let 

(a)  yS(£)  be  the  smallest  Ain  containing  X  and  closed  under  e-free 


substitution. 


2  January  1969  49  TM-738/050/00 

(b)  ,d(X)  be  the  smallest  full  AFL  containing  X  and  closed  under 
substitution. 

(c)  rr(X )  =  U  an(X), -where  cr^X)  =  X  a  £  and  ct.+1(X)  =  cr^^CX )  a  X  for 

nil 

each  lal. 

(d)  *(£)  =  U  £  (X),  where  $  (X)  =  X  <?  X  and  S  (X)  =  a  (X)  $  X  for 

nil 

each  iil. 

A 

Thus  J(£)(J(£))  is  the  e-free  substitution  (substitution)  closure  AFL 
generated  by  X.  an(£)  (-7n(X))  is  the  "n-th  level  of  e-free  substitution 
(arbitrary  substitution)  of  X  into  itself." 

If  X  is  an  AFL,  then  from  Remark  2  following  the  definition  of  substitu¬ 
tion,  tfn(X)  =  X  a  ...  a  X  (n  occurrences  of  a)  and  on(X)  =  &  a  ...  a  X 

(n  occurrences  of  <7). 

We  now  present  the  result  relating  substitution  closure  and  nested 
multitape  AFA. 

Theorem  4.3.  Let  be  a  3 ingle-tape  AFA.  Then 
Xfc((Afl)N)  -afxfy))  =  vKX^fi)) 
and  X((AA)N)  «$(£(*))  =  i(X(fi)) 

=  a(X(fl ) )  =  -i(X(A)). 

Proof.  For  each  ial,  let  =  £.  Then 

**((**)")  =  U  Xt((«  A  ...  A  «  )K) 
nil  n 
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=  U  X^(i  )  a  ...  a  X^fi  )),  by  Theorem  4.2, 
nil  X  n 

'aUV)), 

and  X((A4)N)  =  u  X((finA  ...  A  X  )^) 

nil  X  n 

=  U  (X(4  )  a  ...  ^  X(4  )),  by  Theorem  4.2, 
nil  n 

■=4(X(0)) 

=  U  (X(4  )  <7  ...  a  X(fl  )),  by  Theorem  4.2, 
nil  X  n 

=  a(I«»). 

Since  cr(X^(jO ) )  =  Xt((Afi)N)  is  an  AFL  containing  X^(4)  and  closed  under  e-free 
substitution,  J(Xt(4))  c  aCX^Cfl)).  Obviously  o(Xt(4))  =  j(Xt(4)), 
so  that  crCX^i))  =  ^(Xt(4)).  By  similar  reasoning,  o(X(4))  =  i(X(4))  and 
or(X(4))  =  ^(X(4)),  completing  the  proof. 

Corollary  1.  For  eacv  AFL  X,  a(X)  =  i(X),  and  a(X)  and  o(X)  are  AFL. 

Proof.  By  Corollary  1  of  Theorem  4.2,  crn(X)  is  an  AFL  for  each  nil.  Since 

a  (X)  =  a  +,(X)  for  each  nil,  o(X)  =  U  a  (X)  is  an  AFL.  Similarly,  using 
n  n  X  nil  n 

Corollary  2  of  Theorem  4.2,  a(X)  is  an  AFL. 

Clearly  an(X)  c  $(X)  for  each  nil.  Thus  o(X)  c  £(X).  Since  a(X)  is 
closed  under  e-free  substitution,  ^(X)  c  CT(X),  vhence  equality. 

Remark,  (l)  $(X)  need  not  be  a  full  AFL.  For  let  X  be  the  family  of  context- 


sensitive  languages.  Then  X  is  an  AFL  and  q(X)  =  X,  but  X  is  not  a  full  AFL. 
The  next  corollary  shows  that  5(X)  is  a  full  AFL  if  X  is  a  full  AFL. 
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(2)  It  was  shown  in  [13  ]  that  s(X)  is  an  AFL  if  X  is  an  AFL. 

Corollary  2.  If  X  is  a  full  AFL,  then  a(X)  =  <j(X)  =  i(X)  =  >4(X)  and  $(X)  is 
a  full  AFL. 

Proof.  By  Remark  4  following  the  definition  of  substitution  and  by  Corollary  3 

of  Theorem  4.2,  a  (X)  =  a  (X)  and  a  (X)  is  a  full  AFL  for  each  nil.  Urns 
n  n  n 

a(X)  =  U  a  (X)  =  U  a  (X)  =  a(X).  Since  each  a  (X)  c  a_+1(X)  for  each  nil, 
nil  nil  n  n  x 

A 

a(X)  is  a  full  AFL.  Clearly  o(X)  c  ^(X).  Since  a(X)  is  closed  under 
substitution  i(X)  c  (j(X).  Hence  £(X)  =  i(X).  Similarly  cr(X)  =  >J(X). 

A 

Remark.  It  was  shown  in  [13]  that  3(X)  is  a  full  AFL  and  a(X)  =  i(X),  if  X 
is  a  full  AFL. 

Corollary  3.  If  X  is  an  e-free  AFL,  then  c(X)  =  ^(X).  If  X  is  an  AFL  con¬ 
taining  C  e  3 ,  then 

4(X)  =  &  W(X)  =  i(X)  =  4H(X) 

and  a(X)  is  a  full  AFL. 

Proof.  Let  X  be  an  AFL.  If  X  is  e-free,  then  a  (-0  =  a  (X)  for  each  n,  so 
that  e(X)  -  a(X).  By  Corollary  1,  a(X)  =  3(X). 

A  a  A  A 

Suppose  X  contains  { e 3 .  Clearly  5(X)  e  £  W(X)  c  i(X)  c  ih(X).  By 
Corollary  2,  S  £(X)  =  t «(X)=  Xfl(X)  and  $  fl(X)  is  a  full  AFL.  Thus 
&(X)  =  a  A(X)  =  3(X)  =  i«(X) 

and  a  W(X)  is  a  full  AFL.  It  thus  suffices  to  show  that  o  M(X)  c  *(X).  Now 

j!(x)  =  )i(x)  5  x 

=  X  j  X,  since  X  contains  (e)  (  by  Remark  5  following  the  definition 

of  substitution). 
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Let  X^  =  X  for  each  tel.  Then  for  each  nil, 

Hij)  a  ...  a  W(xn+i)  c  (£i°  £i)  »  •  •  •  a  (^n+i  a  *n+1) 

=  a(I). 

Hence  0  $(X)  c  <j(X). 


Remark.  It  was  shown  in  [13]  that  o(X)  =  i(X)  if  X  is  an  e-free  AFL. 


Examples,  (l)  Counters.  In  [15]  the  notion  of  a  1 -counter  acceptor  Is 

generalized  to  that  of  a  pda  whose  storage  configurations  are  limited  to  the 

#  * 

bounded  regular  sets  ZQ  ...  Ar.  This  device  is  easily  seen  to  be  equivalent 

to  a  nested  acceptor  with  n  counters.  Given  niO,  the  family  of  languages 

defined  by  X(fi  A  ...  A  fi  )N),  each  4.  a  1-counter  AFA,  is  denoted  by  7 

1  n  1  Hj  u) 

and  X((A4  )f  )  by  7  [15],  It  is  shown  that  7  is  properly  contained  in 


°°,U) 


n,u> 


nfl,x 


for  each  niO.  By  Thearera  4.2,  7 


n+m,u) 


=  7  a  7  =  7  $7  for 

n,u)  m,cu  n,iu  m,u) 


all  n,  mil.  By  Theorem  4.3,  7  -  J(7  ). 

°°,  uu  1,UJ 


(2)  Linear  context-free  languages.  A  family  that  has  recently  been 

A 

studied  from  three  different  viewpoints  is  X  =  ^(^),  where  is  the  family 
of  linear  context-free  languages.  Note  that  is  not  an  AFL  since  it  is  not 
closed  under  concatenation.  X  is  called  the  "standard  matching  choice 
languages"  [ 21 J,  the  "quasi-rat ion al  languages"  [20],  and  the  "derivation- 
bounded  languages"  [12].  Yntema  and  Nivat,  independently,  proved  that  X  is 
properly  contained  in  the  context-free  languages.  Theorem  4.3  allows  us  to 
give  a  fairly  simple  acceptor  realization  for  X, 

Let  7  =  ^({wcw^w  in  (a,bj*)).  7 

JU  J  X  JL)  y  X 


is  the  smallest  full  AFL 
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containing  H.  [2,  15,  20].  Thus  £  =  ^(?  ).  Let  K  be  an  infinite  denumerable 

*•  a),  x 

set.  Let  §  be  a  new  symbol  and  T  an  infinite  set  containing  § .  Let 
I  =  (r-(5))*.  Let  (fi,£),  with  Q  =  (K,Z,r,I,f,g),  be  the  (single-tape)  AFA 
where  f  and  g  are  defined  as  follows  (for  all  w  in  (r-[§D  ,  y  in  (T — £§ ))  ,  and 
Y,Z  in  r-(l ) ) : 

(1)  /(e)  =  ( c )  and  g(wZ)  =  g(§wZ)  =  Z. 

(2)  f(wZ^)  =  wy,  f(e,w)  =  w,  f(§wZ,Y)  =  SwY,  and  f(§Z,e)  =  f(z,e)  =  e. 

(3)  f(wZ,e)  =  f(5wZ, e)  =  Sw  far  w^e. 

Clearly  (Q,fl)  is  a  one-turn  bounded  pda  AFA,  that  is,  each  D  in  £  can  make  at 
most  one  turn  (i.e.,  the  length  of  the  storage  configuration  changes  at  most 
once  from  increasing  to  decreasing)  before  returning  to  the  storage  configura¬ 
tion  e  [10,  li  ] .  It  is  shown  in  [15]  that  ?  .  =  £(£).  It  can  also  be  shown, 

(A)  j  J. 

although  not  done  here,  that  7  ~  £^(4).  Let  £,  =  ^  ,  and  £  ,  =  £  a  £,  for 

7  ai,l  '  '  1  co,  1  n+l  n  1 

each  nil.  (Each  £ n  is  the  family  of  quasi-rational  languages  of  order  n  [20].) 

By  Theorem  h.  3,  £  =  £((/^0  )N)  =  U  £  =  s(£(fi))  -  o^*))  =  £t((A£)N).  By 

n  n 

Theorem  h.2,  each  £fi  is  a  full  AFL.  A  result  of  Greibach  [17]  asserts  that 
if  £^  is  not  closed  under  substitution,  then  each  £^  is  properly  contained  in 
£n+i  ana  i(£1)  =  ^0^)  =  £  is  properly  contained  in  the  family  of  context-free 
languages. 

(3)  One-way  stack  languages.  Let  fag^g)  be  the  one-way  3tack  AFA  and 
£s  =  £(£g)  [6,  5].  Thus  £„  is  the  one-way  stack  languages.  It  was  shown  [16] 
that  £  is  not  closed  under  substitution.  Hence  £ 

x(is)  f  i((M3):'). 


i/  v  v  x«v  v  > 
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5U 

The  nested  stack  acceptors  (nsa)  of  [1]  are  far  more  general  devices 
than  the  acceptors  in  (^S)N*  Members  of  (A4g)N  are  essentially  nsa  which  are 

(a)  nested  (as  defined  in  Section  there  is  at  most  one  nest  of 
stacks  at  any  time. 

(b)  finitely  nested — for  each  D  there  is  an  n  such  that  no  more  than  n 
stacks  are  active  at  any  time. 

Both  (a)  and  (b)  restrict  the  power  of  nsa.  Specifically,  it  is  shown  in  [17] 
that  the  nsa  languages  properly  include  o(£g). 
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APPENDIX 


We  consider  here  the  proof  of  Lemma  4.3*  In  the  process  we  shall  need 
some  notation  and  ideas  pertinent  only  to  this  appendix.  In  addition,  we 
shall  need  two  preliminary  lemmas. 


We  henceforth  assume  that  and  are  given  multitape  AFA  and  that 


*3  ■  V  V 


,N 


Let  D  =  q^F,^)  be  an  acceptor  in  jO^  and  let 

u  =  (a^,  ...,  0^,  ...,  3^),  with  k,  -tel,  each  in  3^  and  each  in  3o# 

let  Gp  -  ((vr  ...,  Vk)/(V1,  ...,  yk,  Yp  •••,  Yp  in  GD  for  some 

v^,  ...,  Yp  •  for  each  G ,  <f>  t  GC  °D'  write 

_/  _/ 

(l,a,w,  (y^  ...,  yR,  y^  ...,  yp)f^r(q',w,  (y^  ...,  yR,  y^  ...,  y^) 
if  there  exist  Y^  •••,  Yk*  Y^i  •••>  vp  •••*  ^  u^,  ...,  u^  such  that 

(1)  ...,  up)  is  in5(q,a,(Y1,  • .  .,Yk>yP  •  •  *#Yp)i 

I 

=  fp  (yj>  up  for  each  1  5  <5  s  l> 

J 

(3)  (y^_>  Yk)  is  in  Gj 

(4)  \x^  is  in  i|fa  (y^)  and  y^^  is  in  ^  (y^)  for  each  i,  and  y*  is  in 


gp  (y')  for  each  J; 

J 

and  (5)  y'  /  e  or  y!  /  c  for  some  j  . 
Jo  co 


For  each  i>0  let  f^-  be  the  relation  on  configurations  defined  by  induction 
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as  follows:  C  (^-  C  for  each  C  and  C  "u  If  there  exists  C'  such  that 
C  and  c"  |-p-C,.  Let  |-jr  be  the  transitive,  reflexive  extension  of  j-£- . 

Let  be  the  relation  defined  by 

(q^aw,  (yx,  yR,  e,  e))  (y  (q',w,  (y^,  yk,€,  c)) 

if 

(q,aw,  (y;L,  yk,e,  ...,))  | —  (q',w,  (y^  yk,€,  e)). 

Let  }-y  be  the  reflexive  transitive  closure  of  |-y  .  Intuitively,  (—— 
represents  transitions  in  the  fi^-part  of  D  and  f~  in  the  <,>-part  of  D.  Since 
D  1g  nested,  if  cf—  c',  then  either  Cf— - C /  or  Cbt  c'  but  not  both.  Note  that 

transitions  (p,a,(y1#  yk,  e,  ...,  e))(—  (q',e,  (y^  ...,  yR,  e,  e)) 

occur  as  j-y  and  not  as  f-^-  . 

D  is  said  to  be  in  factored  form  (with  factor  function  h)  if  h  is  a 
function  from  into  ^  =  (g/gc  G^)  such  that 

(1)  if  (q^v,^,  ...,  e))p  (q,€,(y1#  yR,  y',  yp)  then 
h(q)  =  ((Yl,  •••»  YyJ/Yi  1x1  (yA)  for  each 

(2)  if  nfcl  and  (p,w,(y1#  yR, y£,  ...,  yp)f§-  (q, €, (y^  . .  .,yk,y", . . .,  »i». 

then  h(p)  =  h(q)  and 

(?>v>(y^>  yp ) I GOh(p) ^ ^  (yj/  •••>  y^/ y^>  •••>  y p)* 

The  following  two  facts  hold  whenever  D  is  in  factored  form  with  factor 
function  h: 

6- 

(1)  If  (qQ,w,(e,  ...,  €))f-  (q,e,(y1,  ...,  yk,y',  •••,  yj)  and  there 
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!> 


exists  j  such  that  y'  j-  c,  then  h(q)  7^  0.  (For  there  exists  a  conficuration 
0  Jo 

C  and  mil  such  that 

(q^Mc,  •••*  0)£*  c  (q,e,(y1#  •  •  • »  ^ i»  yp). 

Hence  C  ^„h(q)  (q,e,(yr  •••,  yk,  •••,  y[)).  By  definition  of 
G^h(q)  /  0. ) 

(2)  If  Ci  }^—  C.+^  for  1  s  i  <  in,  where  each 
Ci  =  (pi*wi^yl'  yk,yil;  **•'  yU^’  then  ^  ^  h^pl^  a  h^pi^  1  s  1  *  m* 


and  C, 


C.  ...  for  each  i<m 
i+1 


•  ^  Particular,  ^  Cn. 


D  is  said  to  be  in  restricted  factored  form  if  It  is  in  factored  farm 


and  if  v  ^  g  whenever  nil  and  there  exists  a  G  such  that 

(qjw,(yx,  yk,€,  c))f“-  (q',e,  (y^,  yfc,  e,  e)). 


(16) 


To  prove  Lemma  4,3,  we  shall  show  that  Given  D  in  fl^,  (a)  there  exists 
an  equivalent  device  in  l11  restricted  factored  form,  and  (b)  if  D  is  in 
restricted  factored  form  (and  is  quasi-realtime),  then  L(D)  i3  in  I(fl^)a  X(O^) 

Lenna  A.  Given  D  in  £y  there  exists  D '  in  such  that 

(a)  D 4  is  in  factored  form, 

(b)  L(D)  =  L(D'), 

and  (c)  D*  is  quasi-realtime  if  D  is  quasi-realtime. 


From  the  definition  of  (-=>  nfi2. 
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Proof.  Let  #D  X  Cl,2).  Let  d'  =  (k',2^,8  \  x{0}x{l},  u), 

where  6  '  is  defined  as  follows  (for  arbitrary  p  In  a  in  ZLjUCeJ,  and  G  in  10: 

(1)  ( ( P (L(o^#Yp*  •••*  iC^iYp*  •••>  l(P£»e))  Is  l11 

5  '((P^G, 2),e, (v^  Vk,e,  ...,e))  for  all  Gfty  and  (y±,  yk)  In  G. 

(2)  ((p#GU( (y^# •  •  •»  Yk)i#  l)  (l(a]_#Yp#  •••>  1(0^# Y^)*  l(3j_# €)>  •••» 
l(p£*0))  is  in  8 /((p,G,l),e,(y1,  Yk#e,  e))  for  each  (y^  ...,  Yk) 
in  G'-G. 

(3)  If  •••>  Uk,ul#  •••>  up )  Is  An  6  (p,a, (y-j*  •••>  Y k>€>*,#>€)) 

and  u'  is  not  in  ^  (e)  for  some  JqI  then  ((q^G,2),  (u^,  ...,  u^u^,  up ) 

^  *^o 

is  in  8  .P>G>l)>  a# (y^>  •••»  Yk»  €>  •••»  0)  f°r  (Y^#  •  ••*  Yk)  l*1  G. 

(4)  If  (q>(uj,  •••!  uk,ui>  •••>  up)  As  An  6 (p,a,  (y^# . .  .,Yk>Yj>  •  •  »*Yp )* 

(Y^#  •••>  Yk»Yp  •••»  Yp  I11  V  and  far  seme  either  u'  is  not  in  ^  (e) 

0  ^o 

or  Yj  J  e>  then  ((q^G^),^,  ...,  u^u^,  ...,  up)  is  in  8  '((p,G,2),a, 

(Yx,  ...»  Yk»Y{»  Yp)  for  all  G  containing  (y1#  ...,  Yk). 

(5)  If  (Qj(u^»  •••#  uk,ui*  •••»  up)  As  An  6 (p#a, (y^/  •••>  Yk>c* . •  »fe))f 

(y^  ...,  Yk»e»  •••»  e)  in  G^  and  u'  is  in  ♦  (e)  for  all  J,  1  s  J  *  l,  then 

J 

((q>0/i)>  (\f  •••>  •••>  up)  is  10  ^((P/^1)*  a> 

(Yj*  •••>  Yk#€*  •••*  €))» 

Obviously  D*  is  in  Let  h  be  the  function  defined  by  h((p,G, i))  =  G 
for  all  p  in  K^,  G  in-W,  and  i  in  (l, 2).  By  inspection  (since  G^=  G^/),  D# 
is  in  factored  form  with  factor  function  h,  i. e.,  V*  satisfies  (a). 
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Consider  (b).  D#  enters  a  state  (p,G,2)  if  and  only  if  D  has  a  1^- 

transition.  Type  3  and  type  4  rules  imitate  (-£- transitions,  and  type  5  rules 

imitate  f—  transitions  In  D.  Since  D  is  nested,  every  transition  has  an 

associated  teor  It  transition.  When  the  tapes  are  e,  a  type  1  rule  can 

be  used  to  go  from  a  state  (p,G,2),  -where  h((p,G,l))“  0$,  to  a  state  (p,0,l) 
and  then  enter  the  ^-part  of  the  acceptor.  Type  2  rules  represent  the  guess 

that  D  executes  a  transition.  Once  h((p,G,l))$,  D#  ultimately  blocks  or 

else  executes  (by  a  type  3  rule)  at  least  one  ^  transition.  Thus  L(D)  *  i«(D/). 

Consider  (c).  If  #(G^)  *  nQ,  then  D#  has  at  most  n+2  consecutive  e-moves 

for  each  e-move  of  D.  Thus  D#  is  quasi-realtime  if  D  is  qua  si -realtime. 

N  h  N 

Lemma  B.  If  D  in  is  in  factored  form,  then  there  exists  D  in  4^  such  that 

(a)  D"  is  in  restricted  factored  form, 

(b)  L(D)=L(D), 

and  (c)  D"  is  quasi -realtime  if  D  is  quasi-realtime. 

Proof.  Let  D  be  in  factored  form  with  factor  function  h.  Since 

•••>  •  •  •  j  0)  (^*(q,e, (x^,  ...,  xk,e,  . ..,  0)#  nfel,  implies 

0  f  h(p)  “  h(q)  and  ...,  x^e,  ...,  e))  ^(q, e, (xj,  . .  .,a^,e, . ..,e) ), 

we  need  only  consider  such  transitions  with  G  =  h(p)  =  h(q).  Let  S  be  the  set 
of  all  (p,  q)  in  K^x  K^,  where  p^q  and  0  ^  h(p)  =  h(q),  such  that  there  exist 

yl>  Yk 

.jf. 

(p>€j(Y-j_>  •••>  Yk>e>  •••»  e))  (Yq»  •  ••>  Yj^c*  •••>  c)). 

Let  K#1  =  K^K^x  (EjUte))).  Let  D"  =  (K^Lj/'^q^F^u),  where  F"  =  FU(Fx(e}) 
and  6"  is  defined  as  follows: 

(1)  (feCuj,  •••*  VV  ***'  UP^  is  in  6 "(p, a, (Yj,  ...,  yk,e,  ...,  e)) 
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If  •••!  •••>  u^) )  i®  ^  (p>  (Y^j  •••»  Yk>^>  **•>  ®))»  'W'i'tli 

u!  in  tn  (e)  for  all  j. 

J  “j 

[By  (1),  the  fy  transitions  of  D  appear  in  D* . ] 


(2)  (<1>  (l(ttjjYp>  •••»  l(P^/0*  •••#  l(Pjj>0))  is  in 

...,  Yk,e,  ...,  c))  for  all  (p,q)  in  S  and  all  (y^  ...,  Yk)  in  h(p). 

[Since  pj^q,  the  e-move  in  (2)  replaces  at  least  two  e-moves  in  D.  Far  if 
(p,e,(y1i  •••>  yk>€,  c))f^  (q^Cyj,  ...,  yk>e,  ...,  e))  far  p^q,  then 

by  definition  of  at  least  tvo  moves  are  needed.  ] 

(3)  If  •••>  ^,11^,  •••»  up)  i®  in  6(p,a,  (y^,  ...»  Yj^jSj  •••»  €))> 

vith(y. ,  Yv)  in  h(p)  -  h(q)  and  u *  not  in  iL  (0  for  some  j  , 

IK  JQ 

then 

•••»  ****  UjP )  is  in  5  (p>a,(y^,  Y k*e>»»»>e)) 

if  a  is  in  E^. 

(p)  ((<3jb)>(u^>  •••>  •••*  up)  is  in  S  (p#b(y^,  •••>  Yk>e> •••>£)) 

for  each  b  in  if  a  =  e. 

[By  (3),  a  sequence  of  J-g-  moves  in  D"  starts  with  a  non-e  input,  namely, 
either  the  input  to  D  (3Ct),  or  a  guess  as  to  the  eventual  non-e  input  symbol 
to  be  read  by  D  (3P).  ] 


(4)  If  (q, (u^,  •••>  ^))  is  in  6(p,a,(y^,...,Yk,Y^,,,.,y^,)), 

with  Yj  /  e  for  some  Jo  ajid  (y^  ...,  yk)  in  h(p)  =  h(q),  then 

(°0  ((9*0*  •••»uk;u^»  •••>  u^))  is  in  6  ((p# s)^a, (y^, . . ,,Yk, 

Yj/  •••»  Yp  )* 
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(0)  ((t«€)»(u]_#  •••»  •••?  u 4 ))  is  in  6  ( (p>a)>  £>  (y^>  •  ••*  Yk> 

Yjl>  •••#  Yp)  i£  a  is  in 

(y)  •••»  •••»  up)  is  in  6  ((p>b)>c(Y^  •  ••*  Yk* 

y^,  . ..,  Yp)  for  all  b  in  X^  if  u=e. 

[By  (4),  D"  can  eater  no  state  (q,e)  until  the  guess  as  to  the  non-€  input  of 
D  has  been  verified.  If  D"  enters  a  configuration  ((q,a),w, (y^, .  ..,yk,e,  .  ..,e 
with  a^e,  then  D"  blocks  since  it  has  traced  out  a  computation  on  e -input 
handled  by  a  type  2  rule.  Otherwise, a  fg-  transition  is  unchanged.  ] 


(5)  (Pi (l(a]*Yp*  •••»  i(an>Yn);l(B^#e)/  •••*  i(0n>€)))  i0  i*1 

^((PjOf^Yy  •••#  Yk,e,  £ ) )  for  each  p  in  and  (Yp  Yk)  in  h(p) 

[After  tracing  a  (-g-  computation  on  non-€  input,  D*  returns  to  a  K^- state  and 
¥  <)(• 

imitates  either  I—  or  transitions.  J 

/  Ci 


Since  only  type  5  rules  add  e-rules  not  simulating  e-rules  in  D  and 
these  cannot  be  applied  twice  in  a  row,  D "  is  quasi-realtime  if  D  is. 


The  only  transitions  of  D  rot  represented  in  D"  are 
(p>€,  ('/]_»  •••>  yk>e»  •••>  (^^(y^  •••>  yk>e>  •••>  O)  and  these  are 

covered  by  (2).  The  only  new  transitions  are  (2)  and  (5).  Unis  L(d)=  Lf.D*). 

Let  h  be  the  function  on  defined  by  h(p)  =  h((p,a))  =  h(p)  for  each 
p  in  ^  and  a  in  JljUfe).  Then  D"  is  in  factored  form  with  factor  function  h. 

I  *  n 

Now  |-£-  computations  in  D  start  with  a  type  3  rule.  Since  all  type  3  rules 
have  non-e  input,  D'  is  in  restricted  factored  form. 


We  are  now  ready  for  Lemma  4.3. 
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Lemma  4.3.  xW)  =  Xt(fiJ)a 


and 


X(«p  =  X(*J)  a  x(^). 


N 


Proof.  Let  D  =  (K^,Z^,6,q^,F,v)  be  in  Suppose  each  a  in  u  is  in 


N 

Then  D  is  in  and  L(D)  =  t(L(D)),  vhere  t  is  the  e-free  substitution  defined 


by  T(a)  ■  (a)  for  each  a  in  1^.  Since  the  AFL  X^i^)  contains  each  e-free 
regular  set  and  thus  each  (a),  each  t(s)  is  in  X^i^),  whence  the  result. 
Similarly,  if  all  a  in  u  are  in  Q^,  then  D  is  in  and  L(d)  =  T((a}),  -whence 

t(s)  3  L(D)  and  the  regular  set  {a}  is  in  X^^).  Thus  assume  that 
u  -  (0^,  ...,  •••»  with  k,  -fel,  (oc^,  . «.,  0^)  ^  and  (p^,  •••> 

By  Lemmas  A  and  B  we  may  assume  that  D  is  in  restricted  factored  form  with 
factor  function  h.  We  shall  say  that  G  describes  (y^,  ...,  yk)  if  G  c 

{(Y1,...,Yk)/Y1 **  ^(y*) for  each  We  shaU  “y  (p>(y-[/  •  ••>  yk))  is 

accessible  if  (q^v^e,  ...,  e) )p  (p, e, (y^  ...,  yk,y',  ...,  y'))  for  some 
w  and  some  (y^,  ...,  y£).  Without  loss  of  generality  we  may  assume  that  if  p 
is  in  1^,  then  there  exists  (y^  ...,  yk)  such  that  (p,(y1#  ...,  yk))  is 
accessible. 


Since  D  is  in  factored  form,  if 

•••>  yk,y1#  •••»  y^^fo”  (ci>G^(y^/  •••>  y^y^*  •••»  y^))  xor 

some  mil  and  if  (p, (y^,  ...,  yk))  is  accessible,  then  the  following  hold: 

(1)  h(p)  =  h(q)  and  h(p)  describes  (y^,  ...,  yk). 

(2)  (p>w,(y^,  ...,  yk,y2,  •••,  yg) ) l^p e> (y^# •  •  •, yk> y^* •  •  •> Yj) )• 
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(3)  If  h(p)  describes  (y^,  y,.),  then 

(p*w,(y.j^  •••#  •••*  Yp)lj^p)  (^»€#(y]_*  •••»  yj ^y^*  ***>  yp)* 

For  each  (p,q)  in  K^x  vith  h(p)  ■  h(q)$,  let  <p,q>  be  a  new  symbol 
and  let 

^TU 

S,4  ’  <*/<».*.(*!»  •  ••,  yk»£>  •••>  £»te)(9»£.  (y^»  yk>€>  e)) 

for  some  nssl  and  sane  y^,  ...,  y^} . 


(Hie  condition  nfitl  is  needed  for  the  case  p=q  since  otherwise  L  ml#it 

P#Q. 

trivially  contain  e.)  Since  D  is  in  restricted  factored  form,  L  is 

P>  <1 

obviously  e-free.  Let  K  =  (s  in  K,/h(s)  =  h(p)}  and  let  D  * 

P#<1  1  P»^ 

(K  ,5  (p,,  ....  0,)).  where  6  is  defined  as  follows  (for  all 

P#q  p 1  *•  p,q. 

appropriate  s^, s^a,  etc):  If  (s^u^,  . ..,  u^u^,  ...,  up)  is  in 

6 ( s2> a* (v^  •  ••,  Yk,vP  •  ••#  Yp),  with  hfsj)  =  h(s2)  =  h(p)  and  there  exist 

JQ  such  that  either  u'  is  not  in  *  (y*  )  or  y'  /  e;  then  (s^Cvl^, ...,up)is  in 

^0  uo  °o 

8p,<l(sl'a’tYr  •••'  YP>- 

Suppose  h(p)  =  h(q)^{£  Obviously  D  is  quasi-realtime  if  D  is  quasi - 

P  t  Q. 

realtime.  If 

(p»w, (y^,  ...;  yk*€,  (s^#e#(yu_/  •••»  Y^Y]/  •••»  yp) 

and  (slfa#(y1#  ...,  y^y^  •••,  yp)^)  (»2»€'(y1»  yk»yP  •••»  yp)> 
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Hence  1^  £  L(D^  ^).  On  the  other  hand,  expose  (s^,a,(y^,  . ..,  yp ) 

^5 -  •  ••>  yp)»  Ihen  h(p)  *  h(s1)  =  h(s2),  there  exists 

P*q 

(y^»  . y^)  such  that  h(p)  describes  (y^,  y^)  (by  (l)), and  there  exists 

j  such  that  either  yj  j1  e  or  /  /  c,  Thus 

Jo  “o 

(s2*a*(y-]_»  •••#  y^y^#  •••>  ^jt^^h(p)  (E2»€>(yx*  •••*  **** 

Hence  L(D  )  c  L  ,  so  that  L(D  )  ■  L 

^  p,q'  p#q'  ^  p,<r  p,q 

Let  Eg  be  the  set  of  all  <p,  <£>.  Let  t  be  the  substitution  on  E^U  Eg 

defined  by  <r(a)  ■  (a)  for  each  a  in  E^  and  t(<p,<£>)  =  1^  ^  for  each  <p,<£> 

in  Eg.  Then  r  is  an  e-free  substitution  by  I(ig),  and  if  D  is  qua  si -realtime 
then  t  is  an  e-free  substitution  by  X*(i  ). 

Now  let  D  **  (Kj,EjU  Eg,  ^q^F,  (c^,  ...,  C^)),  -where  5*  is  defined  as 
follows: 

(M  •••>  Ujj) )  is  in  r(p,a,(Vl,  •••,  Yk))  if  •  ••* 

u^,  ...,uJ[))i8  in  ...,  Yk,e,  ...,  e))  and  u'  is  in  *  (e)  for  all  J. 

(5)  (q# (l(o1,V1)>  •••#  l(ak,Yk)))  is  in  r(p,<p,<p-,(Y1#  ...,  Yk))  for 

all  p, q  such  that  h(p)  =  h(q)$  and  (y^  •••,  Yk)is  in  h(p). 

If  (P/AfCyj#  •••>  yk))t  ...,  yk)),  with  a  in  EjUU),  then 

T(a)  =  (a)  and  (p,a,(yx,  ...,  yk,e,  ...,  e))(^- (q,e, (y^,  ...,  yk,e,  ...,  e)). 

Thus  (q,(71,  ...»  yk))  is  accessible  if  ( p, ( y^, - •  - ,  yk))is.  If 
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(PfMy^  •••»  yk))f“  (qj6,(7i,  ...,  yk)),  with  b  in  Eg,  then  b  s  <p,q>,  T(b)= 
L^,  and  (y^  yfc)  =  (y^  yk).  In  addition,  if  v  is  in  ^  and 

h(p)  describes  (y^~  ...,  yk),  then 

(p»w, (y^,  ...,  yk,€,  ...,  e))  f^h(p)  yk,e,  c)). 

(For  if  a  transition  in  D  holds  for  soon  (y^,  ...,  yk)  described  by  h(p),  it 
holds  for  all  such  (y^,  ...,  yk). )  From  this  it  readily  follows  that 
L(D)  =  t(L(D)).  Clearly  D  is  in  and  D  is  quasi-realtime  if  D  is.  Hence 
L(D)  is  in  X(£^)  cr  X(flg),  and  if  D  is  qua  si -realtime  then  L(d)  is  in 

ill)/  •  \  at)/  *  \ 
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